School Mathematics Study Group 


Geometry 


Unit 14 

INDIAN EDITION 

NATIONAL COUNCIL OF EDUCATIONAL RESEARCH AND TRAINING 



INDIAN EDITION 


Published by 

National Council of Educational Research and Training 
New Delhi 


Copies available from ' 

The Chief Publication Officer, 

National Council of Educational Research and Training, 
I 14-Sundar Nagar, 

New Delhi - I I 


Printed in India by. 


Messrs Bombay Fine Art Offset and Litho Works 
10-Sussex Road, 

Victoria Gardens, 

Bombay - 27 


For Sale and distribution wichin India only 


Price Rs 2.00 


Published m India with the permission of the School Mathematics 
Study Group, School Education. Stanford University Stanford, Cal.fo. 
United States edition published by Messis Yale University Press. 

New Haven and London. 


This book has been published wich^fflP^sJsi 
American Standard Works Prograr^if^R. 


tiu 



Geometry 

Student's Text, Part II 


Prepared under cho supervision oh 

the Panel on Sample I extbooks 

ot the School Mathematics Study Ciioup 


Frank B. Allen 
Hiwm C Douglas 
Donald Li Richmond 
Charles F. Ricknit 
I Iemy Swain 
Robeit J. Walker 


Lyons 'Township High School 
Taft School 
Wilhams College 
Yale University 

New Tilet Township High School 
Cornell Univetsits 


New Haven and London, Yale University Press 



Copyright © 1960, 1961 by Yale University 
Printed in the United States of America 

All rights reserved This book: may not 
be reproduced, in whole or m part, 111 
any form, without written permission from 
the publishers. 

Financial support for the School Mathematics 
Study Group has been provided by the Nariona 
Science Foundation. 



Below are listed the names of all those who participated in any of the writing sessions 
at which the following 5M5G texts were prepared' First Course in Algebra . Geometry . 
Intermediate Mathematics , Elementary Functions , and Introduction to Matrix Algebra . 


,W, Alexander, Earlham College 
.B. Allen, Lyons Township High School, La 
Grange, Illinois 

Lexander Beck, Olney High School, Phila¬ 
delphia, Pennsylvania 

.F. Beckenbach, University of California 
at Los Angeles 

.0. Begle, School Mathematics Study Group, 
Yale University 
aul Berg, Stanford University 
2mll Berger, Monroe High School, St. Paul, 
Minnesota 

\rthur Bernhart, University of Oklahoma 
R.H. Bing, University of Wisconsin 
A ,L. Blakers, University of Western 
Australia 

A.A. Blank, New York University 
Shirley Boselly, Franklin High School, 
Seattle, Washington 

K.E. Brown, Department of Health, Educa¬ 
tion, and Welfare, Washington, D.C. 

J.M. Calloway, Carlcton College 
Hope Chlpman, University High School, Ann 
Arbor, Michigan 

R.R. Christian, University of British 
Columbia 

R.J. Cl,irk, St. Paul's School, Concord, 

New Hampshire 

P.H. D.iua, University of California at Loo 
Angeles 

R.B. Duvl3, Syracuse University 
Charles DePrlma, California Institute of 
Technology 

Mary Dolclunl, Hunter College 
Edwin C. Douglas, The Taft School, Water- 
town, Connecticut 

'LLoyd Downs, East High School, Denver, 
Colorado 

E. A. Dudley, North Haven High School, North 
Haven, Connecticut 

Lincoln Durst, The Rice Institute 
Florence Elder, West Hempstead High School, 
West Hempstead, New York 
W.E, Ferguson, Newton High School, Newton- 
ville, Massachusetts 
N.J. Fine, University of Pennsylvania 
Joyce D. Fontaine, North Haven High School, 
North Haven, Connecticut 

F. L. Friedman, Massachusetts Institute of 
Technology 

Esther Gaosett, Claremore High School, 
Claremore, Oklahoma 
R.K. Getoor, University of Washington 
V.H. Haag, Franklin and Marshall College 
R.R. Hartman, Edlna-Morningslde Senior High 
School, Edina, Minnesota 
M.H, Heins, University of Illinois 
Edwin Hewitt, University of Washington 
Martha Klldebrandt, Proviso TownBhlp High 
School, Maywood, Illinois 


R.C. Jurgensen, Culver Military Acade iy, 
Culver, Indiana 

Joseph Lehner, Michigan State University 
Marguerite Lehr, Bryn Mawr College 
Kenneth Leisenrlng, University of Michigan 
Howard Levi, Columbia University 
Eunice Lewis, Laboratory High School, 
University of Oklahoma 
M.A Linton, William Penn Charter School, 
Philadelphia, Pennsylvania 

A. E Livingston, University of Washington 
L.H, Loomis, Harvard University 

R.V. Lynch, Phillips Exeter Academy, 

Exeter, New Hampshire 
W.K. Mctlabb, Hockaday School, Dallas, 

Texas 

K.C. Michaels, North Haven High School, 
North Haven, Connecticut 
E.F,. Moioe, University of Michigan 
E.P. Northrop, University of Chicago 
O.J. Peterson, Kansan State Teachers 
College, Emporia, Kansas 

B. J. Pettis, University of North Carolina 
R.S. Pieters, Phillips Academy, Andover, 

Massachusetts 

H.O. Polliik, Bell Telephone Laboratories 
Walter Prrnowitu, Brooklyn College 

G. B. Price, University of Kansas 
A.I,, Putn.im, University of Chicago 
Persia 0. Redgrave, Norwich Free Academy, 

Norwich, Connecticut 
Mina Rees, Hunter College 

D. E. Richmond, Williams College 

C. E, Rickart, Yale University 

Harry Rudermnn, Hunter College High School, 
Hew York City 

J.T. Schwartz, New York University 
O.E. Stanaitls, St. Olaf College 
Robert Starkey, Cubberley High Schools, 

! ilo Alto, California 
Ihtlllp Stucky, Roosevelt High School, 

Seat lie, Washington 
Henry Swain, New Trier TownBhlp High 
School, Wlnnetku, Illinois 
Henry Syor, Kent School, Kent, Connecticut 
0,11. Thomas, Massachusetts Institute of 
Technology 

A.W, Tucker, Princeton University 

H. E, Vaughan, University of Illinois 
John Wagner, University of Texas 
R.J. Walker, Cornell University 
A.D, Wallace, Tulane University 

E. L. Walters, William Penn Senior High 
School, York, Pennsylvania 

Warren White, North High School, Sheboyga 
Wisconsin 

D. y. Widder, Harvard University ‘a, / 

William Wooton, Pierce Junior College, 

Woodland HillB, California 
J.H, Zant, Oklahoma State Unive 





CONTENTS 


Chapter 


11 . 


AREAS OP 
11 - 1 . 
11 - 2 . 
11 - 3 . 


POLYGONAL REGIONS ... . 

Polygonal Regions . . , 

Areas of Triangles and Quadrilaterals 

The Pythagorean Theorem . 

Review Problems . 


317 

317 

328 


339 

353 


12. SIMILARITY . 339 

12- 1. The Idea of a Similarity .. 359 

12- 2. Similarities between Triangles . 364 

12- 3* The Basic Similarity Theorems. 367 

12- 4. Similarities in Right Triangles .... 391 

12- 5* Areas of Similar Triangles. 395 

Review Problems . 401 


Review Exercises, Chapters 7 12.. 404 

13, CIRCLES AND SPHERES . .... 409 

13- 1. Basic Definitions. 409 

13- 2. Tangent Lines. The Fundamental 

Theorem for Circles . . 412 

13- 3. Tangent Planes. The Fundamental 

Theorem for Spheres. 423 

13- 4. Arcs of Circles .. 429 

13- 5 . Lengths of Tangent and Secant Segments . 448 

Review Problems .. 457 


l4. CHARACTERIZATION OF SETS. CONSTRUCTIONS .... 46l 


14- 1. Characterization of Sets. 46l 

14- 2. Basic Characterizations. Concurrence 

Theorems ........ . 464 

14- 3 . Intersection of Sets. 473 

14- 4, Constructions with Straight-edge 

and Compass . 475 

14- 5 , Elementary Constructions ........ 477 

14- 6 , Inscribed and Circumscribed Circles , . 490 

14- 7 . The Impossible Construction Problems 

of Antiquity. 493 

Review Problems. 503 


15. AREAS OF CIRCLES AND SECTORS. 505 


15- 1, Polygons.. 505 

15- 2, Regular Polygons.. 510 

15- 3 . The Circumference of a Circle. The 

Number tt ... . 516 

15- 4. Area of a Circle. 520 

15- 5. Lengths of Arcs. Areas of Sectors . . . 525 

Review Problems . 530 
































Chapter 


16. VOLUMES OF SOLIDS . 533 

l 6 - 1 . prisms. 533 

l 6 - 2 , Pyramids. 5^0 

l 6 - 5 . Volumes of Prisms and Pyramids, 

Cavalieri’s Principle . ... 546 

l 6 - 4, Cylinders and Cones.. 553 

l 6 - 5- Spheres; Volume and Area ........ 559 

Review Problems . 564 


17. PLANE COORDINATE GEOMETRY . 

17- 1. Introduction.. . . . . 

17- 2. Coordinate Systems in a Plane . 

17- 3* How to Plot Points on Graph Paper . , , 

17- 4. The Slope of a Non-Vertical Line . . , . 

17- 5- Parallel and Perpendicular Lines . . . , 

17- 6. The Distance Formula .......... 

17- 7• The Mid-Point Formula ......... 

17- 8. Proofs of Geometric Theorems ...... 

17- 9. The Graph of a Condition . ... 

17-10. How to Describe a Line by an Equation , 
17-11. Various Forms of the Equation of a Line. 
17-12. The General Form of the Equation 

of a Line. . . . 

17-13. Intersection of Lines.. . . . 

17-14. Circles . 

Review Problems.■ . 



Review Exercises, Chapters 13 to 17 


Appendix VII. How Eratosthenes Measured the Earth . , A-29 
Appendix VIII. Rigid Motion . A -31 

1. The General Idea of a Rigid Motion! A -31 

2. Rigid Motion of Segments. A-35 

3. Rigid Motion of Rays, Angles 

and Triangles. A-37 

4. Rigid Motion of Circles and Arcs . A-40 

5* Reflections. A-42 


Appendix IX, Proof of the Two-Circle Theorem . . . . 
Appendix X. Trigonometry 

1. Trigonometric Ratios.! ! 

2 . Trigonometric Tables and 

Applications . 

3 • Relations Among the Trigonometric 
Ratios.. . 


A-51 

A-57 

A -57 

A —60 
A-62 


Appendix XI. Regular Polyhedra 
THE MEANING AND USE OF SYMBOLS 

LIST OF POSTULATES . 

LIST OF THEOREMS AND COROLLARIES 
INDEX OF DEFINITIONS ..... 


. A -69 

■ • • • * 3. 

• * • * • C 

. g 

following page w 

































Chapter 11 

AREAS OP POLYGONAL REGIONS 


11 - 1 , 


^onal Regions. 


A triangular region is a figure that consists of a triangle 
plus its interior, like this: 



A polygonal region is a figure in a plane, like one of these: 



that can be "cut up" into triangular regions. To be exact: 

Definitions : A triangular region is the union of a triangle 
and its Interior. A polygonal region Is the union of a finite 
number of coplanar triangular regions, such that If any two of 
these intersect the Intersection is either a segment or a point. 

The dotted lines in the figures above show how each of the 
two figures can be cut up in this way. Here are more examples: 
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In the last two examples the figures have "holes" in them. This 
possibility is not excluded by the definition, and these figures 
are perfectly good polygonal regions. 

On the other hand, the region APDFQC cannot be "cut up" Into 
C F 



regions ABC and DEF even though it ls_ the union of these two 
triangular regions. The Intersection of the two triangular 
regions is the quadrilateral region EPBQ, which is certainly 
not a segment or a point. This does not mean that APDFQC is 
not a polygonal region, but merely that its description as a 
union of triangular regions ABC and DEF is not enough to 
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show this. APDFQC is in fact a polygonal region, as is shown 
below. 


C F 



The polygonal regions form a rather large class of figures. 
Of course, there are simple and important figures that are not 
polygonal regions. For example, the figure formed by a circle 
together with its interior is not of this type. 

If a figure can be cut up into triangular regions, then this 
can be done In a great many ways. For example, a parallelogram 
plus its interior can be cut up in many ways. Here are three of 
these ways. 



In this chapter we will study the areas of polygonal regions, 
and learn how to compute them. The sixteen postulates that we have 
introduced so far would enable us to do this, but the treatment 
would be extremely difficult and quite unsuitable for a beginning 
geometry course like this one. Instead we shall Introduce measure 
of area in much the same way we did for measure of distance and 
angle, by means of appropriate postulates. 



520 


Poatulate 17 , To every polygonal region thorn 
corresponds a unique positive number. 

- — —-■-———„ * J 


Definition : The area of a polygonal region la the number 
assigned to it by Postulate 17. 

We designate the area of a region R simply by area h, in 
the following postulates, when we speak of a region, for short, it 
would be understood that we mean a polygonal region. 

Our Intuition tells us that two regions of the same shape and 
size should have the same area, regardless of their positions Jn 
space. This fundamental fact is the motivation of the next 
postulate. 


Postulate 18 . If two triangles are congruent, 
then the triangular regions have the same area. 


If a region is cut Into two pieces it is clear that the area 
of the region should be the sum of the areas of the pieces. This 

is what our next postulate says. Let ub state the poatulate and 
then consider its meaning. 


Postulate 1%. Suppose that the region R is 

the union of two regions ^ and Rg. Suppose that 

R ! ^ R 2 int ersect at most in a finite number of 

segments and points. Then the area of R is the 

aum of the areas of R and R_, 

-— - 2 ' 


The three figures below show examples of the 
this Postulate. 


application of 
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In each figure the intersection Is heavily marked, and consists of 
a segment in the first figure, three segments In the second, and 
two segments and a point in the third. 

On the other hand, the next figure is the union of two tri¬ 



angular regions, and R^, but their intersection is not made 

up of a finite number of segments and points. Instead It Is the 
quadrilateral region In the middle. Thus Postulate 19 cannot be 
applied to this case. If we tried to calculate the area of the 
whole region by adding the areas of R-^ and Rg the area of the 
quadrilateral region would be counted twice. It was in anticip¬ 
ation of this situation that we insisted, in the definition of 
polygonal region, that the triangles determining the region must 
not overlap. 

As was the case with distance and angle, the "unit of area" 
can be specified at will. However, it is convenient and customary 
to choose this unit to be closely associated with the unit of 
distance. If we are to measure distance in Inches, we measure 
area in square Inches; and In general, whatever unit of distance 
we use, we U3e the corresponding square unit to measure area. One 
way to ensure this would be to state as a postulate that the area 
of a square Is to be the square of the length of an edge. 


r Rpr . n -i 1 
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(By the "area of a square" we mean, of course, the area of the 

polygonal region which Is the union of the square and Its interior, 

We will speak In the same way of the area of any quadrilateral, 

meaning the area of the corresponding polygonal region.) 

o 

The statement A = e is, however, a little too special to 
be convenient. The difficulty is that if we establish our (inIt of 

O 

area by the postulate A = e , then we would have the problem of 
proving that the corresponding formula holds also for rectangles. 
That is, we would have to prove that the area of a rectangle Is 
the product of the length of its base and the length of Its 
altitude. Of course, if we know that this holds for rectangles., 
then it follows immediately that for squares we have A «< e , 
because every square la a rectangle. The converse can also be 
proved, but the proof Is harder than one might think. The most 
convenient thing to do, for the present, is to take as a postulate 
the more general formula, that is, the one for rectangles; 


Postulate 20 . The area of a rectangle is the 
product of the length of its base and the length of 
its altitude. 


h 


b 


h 


b 

A = bh 
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Notice that in the previous paragraph and in Postulate 20 we 
were very careful to say, "length of its base" and "length of its 
altitude". In using Postulate 20 from now on, we will just say, 
"The area of a rectangle is the product of its base and its 
altitude". This means that we use "base" and "altitude" sometimes 
to indicate line segments and sometimes to indicate their lengths. 
From now on we will do this fairly generally, trusting in your 
ability to tell from the context which meaning of a word we Intend. 
If we "bisect a side of a triangle" the word "side" will have its 
original meaning, as a set of points. If we "square the side of 
a triangle" we are using the word "side" as an abbreviation for 
"length of the side". Such abbreviations will be very convenient 
in this and later chapters. 

On the basis of the four area postulates we can calculate the 
areas of triangles, parallelograms, and a variety of other figures. 


Problem Set 11-1 


1. Show that each of the regions below is polygonal by indicating 
how each can be cut into triangular regions such that if two 
of them Intersect their intersection is a point or segment of 
each of them. Try to find the smallest number of triangular 
regions In each case. 



T Rpn . 11-1 1 
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c. d. e. 

☆ 


1 

2. Find the area of a rectangle 50 ft. long and 1675 ft. wide. 

3. a. If you double the altitude of a rectangle and leave the 

base the same, how is the area changed? 

b. If both the altitude and the base of a rectangle are 
doubled, how is the area changed? 

4. How many tiles, each 6 inches square, does it take to cover a 
rectangular floor 37 ft. 6 In. by 12 ft.? 

5. The figure shown Is a face 
of a certain machine part. 

In order to compute the cost 
of painting a great number 
of these parts it is necessary 
to know the area of a face. 

The shaded regions are not 
to be painted. Find the area 
to be painted. 
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^6. Are the following statements true or false? Give a reason for 
each answer. 

a. A triangle Is a polygonal region. 

b. Postulate 17 says that for every positive number A 
there corresponds some polygonal region H. 

c. Every polygonal region has an unique area. 

d. If two triangles are congruent, then the triangular 
regions have the same area. 

e. The union of two polygonal regions has an area equal to 
the sum of the areas of each region. 

f. Postulate 20 assures us that the area of a square having 

2 

side e Is A = e . 

g. The interior of a trapezoid is a polygonal region. 

h. A triangular region is a polygonal region. 

7. A rectangular region having base 6 and altitude 4 can be 
divided up into squares having a base 2 , aB in Figure 1, 
Notice that a square with base 2 is the largest square pos¬ 
sible which will divide the rectangular region into an exact 
number of congruent squares. 

6 


Figure 1. 
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Similarly, a square with base ^ la the largest square 
possible which will exactly divide a rectangular region with 
base 4 and altitude 1 ^, as in Figure 2. 



Figure 2. 

Determine the side of the largest square which w.111 exactly 
divide rectangular regions having the following measures: 


a. 

b = 4; 

h * 12. 

d. 

b =s 

1.7; 

h c 1.414, 

b. 

b = 5; 

h « a|. 

e. 

b « 

2 .0; 

h « -J?,. 

c. 

b = 3,5; 

h = 1.7. 

f, 

b a 

■J2\ 

h - /3. 

What 

difficulty do you find 

in parts 

(c) 

and ( f ) ? Do you uee{ 


that this relates to the discussion of the text preceding 
Postulate 20? 

3. In the following figure, A, B, C, D, E, P, 0 are 

called vertices , the segments AB, BC, CD, DE, EG, OA, 
EF, FD, FB are called edges , and the polygonal regions 
ABE, FED, BCDF are called faces . The exterior of the 
figure will also be considered as a face, 





Let the number of faces be f, the number of vertices be v, 
and the number of edges be e . In a theorem originated by a 
famous mathematician, Euler, the following formula occurs: 
f - e + v, which refers to figures of which the above figure 
is one possibility. Using the figure, let’s compute 
f - e + v. You should see that f = 4, v = 7, e = 9, and 
this gives us f-e+v= 2. 

Using the two figures below, compute f - e + v. Notice that 
the edges are not necessarily segments. 


a. 



b. Suppose this figure to be a 
section of a map showing 
counties: 



c. What pattern do you observe in the results of the three 
computations ? 

d. In part (a) take a point in the interior of the quadri¬ 
lateral and draw segments from each of the four vertices 
to the point. How does this affect the computation of 

f - e + v? Can you explain why? 

e. Take a point in the exterior of the figure of part (a) 
and connect it to the two nearest vertices. How does 
this affect the computation? 

f. If you are interested in this problem and would 14-ke to 
pursue it further, you will find It discussed in "Tbe 
Enjoyment of Mathematics" by Rademacher and ToeplttS and 
in "Fundamental Concepts of Geometry" by Meserve, 
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11-2. Areas of Triangles and Quadrilaterals , 

Let ns now compute some areas, on the basis of our postulates. 

Theorem 11-1 . The area of a right triangle is half the pro¬ 
duct of its legs. 



A = 7 j ab. 



Proof: Given A PQR, with a right angle at R, Let A be 

the area of A PQR, Let R' be the intersection of the parallel to 
PR through Q and the parallel to QR through P. Then QR'PR 

is a rectangle, and A PQR £ A QPR’ , By Postulate 18, this means 

that the area of A QPR’ is A. By Postulate 19, the area of the 

rectangle is A + A, because the two triangles intersect only In 
the segment PQ. By Postulate 20, the area of the rectangle Is ah 
Therefore 


2A - ab, 
and 

A s* ab, 

which was to be proved, 

Prom this we can get the formula for the area of any triangle. 
Once we get this formula, It will include Theorem 11-1 as a 
special case. 


Theorem 11-2. The area of a triangle is half the product of 
any base and the altitude to that base, 
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A = -|bh. 

Proof: Let A be the area of the given triangle. The three 
figures show the three cases that need to be considered. 

(1) If the foot of the altitude is between the two end-points 

then the altitude divides the given triangle into two 

right triangles, with bases b^ and b 2 , as indicated. 

By the preceding theorem, these two triangles have areas 
1 1 

Tjb^ and 75 b 2 h. By Postulate 19, we have 
A = ^ b l h + -|b 2 h. 

Since b^ + b 2 = b, we have 

A = -?j(b^ + b 2 )h 
= -g-bh, 

which was to be proved. 

(2) If the foot of the altitude is an end-point of the base, 
there is nothing left to prove: we already know by the 
preceding theorem that A = 7 ?hh. 

(3) In the third figure, we see the given triangle, with area 
A, and two right triangles (a big one and a little one.) 
We have 

-gb^h + A = + b)h. 

The student should supply the reason for this step. 
Solving algebraically for A, we get A = ?jbh, which 
was to be proved. 



Notice that Theorem 11-2 can be applied to any triangle In 
three ways* because any side can be chosen as the base; we then 
multiply by the corresponding altitude and divide by 2 , to get the 
area. The figure below shows the three choices for a single 

triangle. 


The three formulas 75 b., h.,, 


75b 2 h 2 and 


i b 3 h 3 


sVr 

must give 
the same answer, because all 
three of them give the right 
answer for the area of the 
triangle. 



Notice also that once we know how to find the area of a 
triangle, there is not much left of the area problem for polygonal 
regions: all we need to do is chop up the polygonal regions into 
triangular regions (which we know we can do) and then add up the 
areas of the triangular regions. 

For parallelograms and trapezoids this is fairly trivial. 


Theorem 11-3 . The area of a parallelogram is the product of 
any base and the corresponding altitude. 



R 


A * bh 

Proof: Draw diagonal SQ. By Theorem 9-14 SQ divides the 
parallelogram into two congruent triangles. Postulate 18 tells us 
that congruent triangles have equal area. Now the area of 
APSQ = ^bh. Hence the area of parallelogram PQRS « bh> which 
was to be proved. 



Notice that Theorem 11-3 can be applied to any parallelogram 
'in two ways, because any side can be taken as the base, and can 
then be multiplied by the corresponding altitude. 



/ 

/ 

In the first case we get A = bh, and in the second case we get 
A = b'h 1 . These two expressions bh and b’h' must give the 
same answer, because both of them give the right answer for the 
area of the parallelogram. 

The area of a trapezoid can also be obtained by separating it 
into two triangles. 

Theorem 11-4 . The area of a trapezoid Is half the product of 
Its altitude and the sum of Its bases. 


b z 



Proof: Let A be the area of the trapezoid. Either diagonal 
divides the trapezoid into two triangles, with areas ib,h and 

1 C X. 

■gbgh. (The dotted lines on the right indicate why the second 
triangle has the same altitude h as the first.) By Postulate 19 

A = -gbjh + -gdgh. 

Algebraically, this is equivalent to the formula 

A = -gh(b-j_ + b^) . 


[sec. 11-2] 
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The formula for the area of a triangle has two useful con¬ 
sequences, both of which are easy to see: 

Theorem 11-5 . If "two triangles have equal altitudes, then 
the ratio of their areas is equal to the ratio of their bases. 




Given: A ABC and A DEF with equal altitudes 


Prove: 


Area of A ABC 1 
Area "dif ~7T 'E)E5 r = ET* 


This is easy to establish once we have the formula A » ibh 


because it simply means that y 


^ b l h b l 


2 b 2 h 


- which I a true. 


Theorem 11-6 . If two triangles have equal altitudes and 
equal bases, then they have equal areas. 




The proof of this is clear because the formula A « ibh gives 
the same answer in each case. 


[sec. 11-21 
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Problem Set 11-2 

1. In right triangle ABC, with right angle at C, AC = 7, 

BC = 24, AB = 25. 

a. Find the area of A ABC. 

b. Find the altitude to the hypotenuse. 

2. The hypotenuse of a right triangle is 30, one leg is 18, and 
the area of the triangle is 216. Find the length of the 
altitude to the hypotenuse and the length of the altitude to 
the given leg. 

3. In A ABC, CD J_ AB and 
AE J_ BC . 

a. If AB = 8, CD = 9, 

AE = 6, find BC. 

b. If AB = 11, AE = 5, 

BC = 15, find CD. 

c. If CD = 14, AE = 10, 

BC = 21, find AB. 

d. If AB = c, CD = h, 

BC = a, find AE. 



4. In this figure CQ = QD. 
Prove that the 
Area A ABC = Area A ABD. 



f aar> 


^ 1 —9 1 


35 4 

5. If ABCD is a square, find 

the area of the star pictured 
here in terms of s and b. 
The segments forming the 
boundary of the star are 
congruent. 



6, In parallelogram ABCD, 
tf I DC, AF J_ BC, and 

, <r+ 

BG _[ DA. 

a. If AE = 7, DC = 12, 
BC = 14, then 

AF = . 

b. If AE - 10, AB = 18, 
GB = 15, then 

AD = _. 

c. If AF = 6, DC = 14, 
AE = 8, then 

AD = _. 

d. If GB = 16, AD = 20, 
AF = 1 6 , then 

AE = 



7. Prove that the diagonals of 
a parallelogram divide it 
into four triangles which 
have equal areas. 



T n«/** 
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8. Find the area of trapezoid 
ABCD, 


a. 

If 

AB = 

-- 12, 

DC 

= 6 


DE 

= 4, 




b. 

If 

AB = 

= 9, 

AD = 

4, 


DC 

11 

Ul 

CF 

= 3. 


c. 

If 

AE = 

■ 4, 

FB = 

6, 


DE 

= 5, 

DB 

= 13, 



DC 

= 6. 




d. 

If 

AB = 

■ 27, 

DE 

- 7 


AE 

= 3, 

EF 

= FB. 


e. 

If 

AE = 

= 12, 

EF 

= 3 


FB 

= 9 , 

CF 

= FB, 



D C 



9. Find the area of a trapezoid if its altitude has length 7 and 
its median has length 14, (Hint: See Problem 10 of Problem 
Set 9-6.) 


10. A triangle and a parallelogram have equal areas and equal 
bases. How are their altitudes related? 


11. Compare the areas of 

a. Parallelogram ABCD 
and triangle BCE. 

b. A BCF and A BCE. 

c. A ABF and A FCD, if 
F is the mid-point of 
AD. 

d. A CFD and A BCE and 
parallelogram ABCD, 

if F la the mid-point 
of AD. 



[seo. 11-2] 
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12. In surveying the field shown 
here, a surveyor laid off 
north-and-south line NS 
through B and then located 
the east-and-west lines CE, 
DP, AG, He found that 
CE = 5 rods, DP = 12 rods, 
AG = 10 rods, BG = 6 rods, 

BP = 9 rods, FE «= 4- rods , 
Find the area of the field. 





13. Prove the theorem 1 . If 

quadrilateral ABCD has 
perpendicular diagonals. 
Its area equals one-half 
the product of the lengths 
of the diagonals. 



14. Write a corollary to the theorem of Problem 13 relating to 
the area of a rhombus. 

15. The area of a quadrilateral is 126 and the length of one 
diagonal is 21. If the diagonals are perpendicular, find 
the length of the other diagonal. 

16. The diagonals of a rhombus have lengths of 15 and 20. Find 
its area. If an altitude of the rhombus 1 b 12, find the 
length of one side. 

*17. Would the theorem of Problem 
13 still be true if the poly¬ 
gonal region ABCD was not 
convex, as in this figure? 



[sec. 11-2] 
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l8. Prove that a median of a triangle divides the triangle into 
two triangles each having an area equal to one-half the area 
of the original triangle. 


19. a. If AD and BE are 
two medians of A ABC 
intersecting at G, 
prove that Area A AEG = 
Area A BDG. 

b. Determine what part 
Area A BDG is of 
Area A ABC. (Hint: 

Use other median CP.) 


A 



20. If AB is a fixed segment 
In plane E, what other 
positions of P in plane E 
will let the area of A ABP 
remain constant? Describe 
the location of all possible ' 
positions of P in plane E 
which satisfy the condition. 
Describe the location of all 
possible positions of P in 
space which satisfy the 
condition. 




3?8 


*21, The figure at the right 

is formed from four right 
triangles and four rect¬ 
angles . Notice that there 
is a square hole one unit 
on a side. 



*22. A line cuts a rectangular 
region into two regions 
of equal area. Show that 
it passes through the 
intersection of the 
diagonals of the rect¬ 
angle . 
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11-3, The Pythagorean Theorem . 

Now that we know how to work with areas, the Pythagorean 
Theorem is actually rather easy to prove. 

Theorem 11-7 ■ (The Pythagorean Theorem). In a right triangle, 
the square of the hypotenuse is equal to the sum, of the squares of 
the legs. 



Proof: We take a square for which the length of each side is 
a + b. In this square we draw four right triangles with legs a 
and b, like this: 


b a 



(l) Each of the four right triangles is congruent to the 
given triangle by the S.A.S. Postulate. Therefore 
their hypotenuses have length c, as indicated in the 
figure above. 




3^0 


(2) The quadrilateral formed oy the four hypotenuses Is a 
square. We can show this in the following way: 

l_z is a right angle because m/ y + m/ z *• r;;/ x 180, and 
m/ y + m/ x = 90. (The acute angles of a right triangle are 
complementary). Since all four 3ides are each equal to o, the 
quadrilateral is a square. 

(3) The area of the large square lo equal to the area of the 
small square, plus the areas of the four congruent right 
triangles . 

Therefore 

(a + b) 2 « c 2 + 4(|ab). 

Therefore 

a 2 + 2ab + b 2 » c 2 + 2ab, 

2 2 2 

and finally, a + b - c , which was to be proved. 

The converse of the Pythagorean Theorem Is also true . 

Theorem 11-8 . If the square of one side of a triangle is 
equal to the sum of the squares of the other two sides, then the 
triangle is a right triangle, with a right angle opposite the 
first side. r 



Proof: Given A ABC, as In the figure with c 2 - a 2 4 b 2 . 
Let A A'B’C' be a right triangle with legs a and b. 
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Let d be the hypotenuse of the second triangle. By the 
Pythagorean Theorem, 

.2 .2 . .2 

d = a + b . 

2 2 

Therefore d = c . Since c and d are both positive, this 
means that d - c. By the S.S.S. Theorem, we have A A'B'C' KAABC 
Therefore / C & / C’ . Therefore / C Is a right angle, which 
was to be proved. 


Problem Set ll-3a 


1. A man walks due north 10 miles and then due east 3 miles. 

How far is he from his starting point? ("As the crow flies". 

2. A man walks 7 miles due north, 6 miles due east and then 4 
miles north. How far is he from his starting point? 


3. 


4. 


A man travels 5 miles north, 2 miles eaBt, 1 mile north, then 
4 miles east. How far is he from his starting point? 

In the rectangular solid indicated in the diagram, find the 
length of AC; of AD. 



5. Which of the following sets of numbers could be the lengths < 


the 

sides 

of a 

right 

triangle? 


a. 

10, 

24, 

2 6. 

d. 

9, 40, 4l. 

b. 

8, 

14, 

17- 

e. 

1.5, 3.6, 3.9. 

c. 

7, 

24, 

25. 

f. 

2 2 1 - 

3 T' ■ 
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6. a. Show by the converse of the Pythagorean Theorem that 

integers which represent lengths of hides of right tri¬ 
angles can be found In the following manner, 

Choose any positive integers m and is, where 
2 2 

m > n, Then m - n and 2 mn will be the lengths 

*■% o 

of the legs of a right triangle and :n'~ -< n f will 
be the length of its hypotenuse, 

b. Use the method of part (a) to list integral lengths of 
sides of right triangles with hypotenuse less than or 
equal to 25. There are six such triangles, 

7. a. With right angles and 

lengths as marked in the 
figure, find AY, kZ 
and AB, 


b, If you continue the 

pattern established in 
this figure making 
BC = 1 and m/ CBA - 90, 
what would be the length 
of AC? What would be 
the length of the next 
segment from A? You 
should find an Interest¬ 
ing pattern developing. 

8, in the rectangular solid at 
the right AW = 1, AB - 2, 

AD = 2. Find AY. 



A X 



A B 


[sec. 11-3] 



*9. In A ABC, AB = 14, BC = 15, 
AC = 13. 

a. Find the length of the 

altitude, h , to AB. 
c 

b. Find the length of the 

altitude, h , to BC. 
a 



*10. A ABC has obtuse angle [_ B, 

and AB = 6, BC = 14, AC = l8. 

Find the length of the altitude, 

h , to AB. 
c 



11. One angle of a rhombus has a measure of 60 and one side has 
length 8. Find the length of each diagonal. 

12. In rhombus ABCD, AC = 6 
and BD = 4. Find the 
length of the perpendicular 
from any vertex to either 
opposite side. 

13. In the figure BC J_ CA, 

BC = 5, CA = 12, CD X AB. 

Find CD. 




[sec. 11-3] 
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14. The lengths of the legs of 
right triangle ABC are 13 
and 8. Find the length of 
the hypotenuse. Find the 
length of the altitude to 
the hypotenuse. 



15. If the lengths of the legs 
of a right triangle ABC 
are a and b, find the 
length of the altitude to 
the hypotenuse. 

16 . A ABC is isosceles with 
CA = CB. Medians AP and 
BQ are perpendicular to 
each other at S. If 

SP = n, find the length of 
each segment and the areas 
of polygonal regions ASQ, 
ASB, ABC and QSPC in 
terms of n. (Do not change 
radicals to decimals.) 



17. A proof of the Pythagorean Theorem 
making use of the following figure 
was discovered by General James A. 
Garfield several years before he 
became President of the United 
States. It appeared about 1875 in 
the "New England Journal of Education." 
Prove that a 2 + b 2 = c 2 by stating 
algebraically that the area of the 
trapezoid equals the sum of the areas 
of the three triangles. You must in¬ 
clude proof that / EBA is a right 
angle. 



T sen. 11 1 
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*18. ABCD Is a three-dimensional 
"pyramid-llke 11 solid. 

Note that points A, B, C, 
and D are not coplanar. 

We are told that BD = BC = BA 
= AC = CD = DA = 2. 


B 



a. R and 3 are mid¬ 
points of BA and CD, 
respectively. Prove 

RS is perpendicular to 
both BA and CD. 

b. Find the length of RS. 

B 


A 

D 



*19. In A ABD, /_ ABD is a right 

angle, AB = BC = 1, AC = CD. 
Find AD. Find m/_ ADC and 
m/ DAB. 


A 



[sec. H- 5 ] 
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The Pythagorean Theorem also given nr. Information about the 
shapes of certain simple triangles. Two very nr"?V i rrluUonnhipg 
are stated in the following two theorems- W«* give flg/ar* 1 :; which 
suggest their proofs. 

Theorem 11-9 . (The 30-60 Triangle Theorem.) Thu hypotenuse 
of a right triangle Is twice as long as a leg If and only If the 
measures of the acute angles are 30 and 00 . 



Theorem 11-10 . (The Isosceles Right Triangle Theorem.) A 
right triangle is isosceles If and only If the hypotenuse It? */2 
times as long as a leg. 



Problem Set II-3b 

1. The lengths of two sides of a triangle are 10 and 14 and the 
measure of the angle Included between these aides Is 30. 

What is the length of the altitude to the side 14? What is 
the area of the triangle? 

2. The measure of the congruent angles of an Isosceles triangle 
are each 30 and the congruent sides each have length 6. How 
long is the base of the triangle? 
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3. The measure of one acute angle of a right triangle Is double 
the measure of the other acute angle. If the length of the 
longer leg is 5«/3> what is the length of the hypotenuse? 

4. Show that in any 30° - 60° right triangle with hypotenuse s 
the length of the side opposite the 6o° angle is given by 

h = -|y3. 

5. In parallelogram ABCD, AB * 2 

and AD * 3, m/ B * 60. Find 

the length of the altitude from 
o 

A to DC. 

6 . If an altitude of an equilateral triangle is 15 inches long, 
how long is one side of the triangle? 

7. In a right triangle with acute angles of 30° and 6o°, what is 
the ratio of the shortest side to the hypotenuse? Of the 
hypotenuse to the shortest side? Of the shortest side to the 
side opposite the 60° angle? Of the Bide opposite the 6o° 
angle to the shortest side? Of the side opposite the 60° 
angle bo the hypotenuse? Of the hypotenuse to the side 
opposite the 60° angle? Are these ratios the same for every 
30° - 6o° right triangle? If you have done this problem 
carefully, you should find the results very helpful in many 
of the following problems. 

8 . What Is the area of the isosceles triangle whose congruent 
sides have lengths of 20 Inches each and whose base angles 
have measures oft 

a. 30? b. 45? c. 60 ? 

9. What is the area of the isosceles triangle whose base has a 

length of 24 inches and whose base angles each have measures 
of: 

a. 45? b. 30? c. 60? 




348 


10. Use the Information given in the figures to determine the 
numerical values called for below; 
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*12. In A ABC, m/ A = 30, AC = 4, 
AB = 3^3. Find BC. Is /C 
a right angle? 
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*13. In A ABC as shown In the figure, 
find BC, (Hint: Draw the 
altitude from C,) 



Ik. 


15. 


The base of an isosceles triangle In 20 Inches and a log 1 
26 Inches. Find the area. 


In this figure FD - FC, 
DB « CA, DF ]_ FB, and 
CFJ.FA. Prove A FAB 
is isosceles. 


F 



16. DA and CB are both 
perpendicular to AB In 
this figure. AE - FB 
and DF = CE. Prove 



17. Prove the theorem; The area 

of an equilateral triangle 

with side s is given by 
2 

Area = ^ VT. 


C 
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18. Find the area of an equilateral triangle having the length of 
a side equal to; 

a. 2. c. Jz, 

b. 8. d. 7. 

19. The area of an equilateral triangle is 9 VT, Find its side 
and its altitude. 

20. The area of an equilateral triangle is 16 -fz. Determine its 
side and its altitude. 

21. A square whose area is 8l has its perimeter of length equal 
to the length of the perimeter of an equilateral triangle. 

Find the area of the equilateral triangle. 

H G 

22. This figure represents a 
cube. The plane determined 
by points A, C .and F 
is shown.. If AB Is 9 
Inches, how long is AO? 

What is the measure of 
/ FAC? What is the area 
of A FAC? 

A B 

23. In trapezoid ABCD, base q 

angles of 6o° Include a 
base of length 12. The 
non-parallel side AD has 
length 8. Find the area 
of the trapezoid. 
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25, In the figure, plum.- K and 
plane F intersect In AP, 
forming dihedral angle 
l F-AB-E. CG J_ plane K, 

DG J_ AB, and CD J_ AK i- 
Is the mid-point uf AF, 
BCSAC. If AH A J?, 

AG a 6, m/ CRG * •’.* , .-.r.a 

v\[_ CAG - AA, find GU anti 
m/ F-AD-E. 



*26. Figure ABUD Is a regular 
tetrahedron (Ur, faces am 
equilateral), Let any edge 
be e. NM J_ AB and 
NM J. DC. 

a, Show that the Length 
of a bt-medlan, that 
Is, the augment, MM, 
Joining the mid-points 
of opposite edges, is 



(Hint: Draw AM.) 


A 



b. Show that the length of the altitude, AH, of the 

J?) 

tetranedron is e, (Hint: Draw HO and HD. 

Does H lie on DM? Recall that the mud J arm of n 
triangle are concurrent at u point ^ of the distance 
from each vertex,) 




X 
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27- ABXY is a square. AB = 6. 
m/ X-AB-E = 60. 

Rectangle ABCD is the 
projection of square ABXY 
on plane E. What is the 
area of rectangle ABCD? 



*28. Given any two rectangles anywhere in a plane, how can a 

single line be drawn which will separate each rectangular 
region into two regions of equal area? 


Review Problems 

1. If the side of one square Is double the side of another 

square, then the area of the first square Is __ times 

the area of the second square. 

2 . In A ABC, cB J_ tS, aB AB = 8 , CD - 9 and AE = 6. 

Find BC. 


C 




A man walks miles mirth, then P :aDm ' 4 *tnt, ikon i mile 
north, then 6 miles east. Koyj far will n*s l>* from Lis 
starting point? 

If the diagonal of n square in \K feet long. h> w 1 mg in 

each side? 

Find the area of an ir.eneoien triangle in wh'nh the hast) is 
12 and each congruent side 'r. xU. 

In the figure, PWjtS in a p g 

parallelogram, CT I SR, / A 

and SV 1 QJR. / / j 

a. If SV •--- 7 and P3 ■ L, / / j 

find the area of F0,R3. / / t 


b. If SV = 8, qT - 4 and 
SR - 10, find OR. 




In an equilateral triangle the length the* nlf'fudr 
6 inches. What is the length of each nUi*-' 

The side of a rhombus Is 13 and one of its di ug <r-? L; 1 
Find its area. 

In A ABC base AB ••= 12, median CD ■ 8, and ;n£ AL' 
The area of A ABC is 


10. Derive a formula for the 
area of the figure at the 
right in terms of the In¬ 
dicated lengths. 
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11. Find the area of the shaded 
region of the Figure at the 
right. 



Diagonal AD of the pentagon 
ABODE shown is 44 and the 
perpendiculars from B, C, 
and E are 24, 1 6 , and 15 
respectively. AB = 25 
and CD = 20. What is the 
area of the pentagon? 


13. Given: Parallelogram ABCD 
with X and E mid¬ 
points of AB and AD 
respectively. 

To prove: Area of region 
AECX = ■£ area parallelogram 
ABCD. 




14. Prove that the area of an isosceles right triangle is equal 
to one fourth the area of a square having the hypotenuse of 
the triangle as a side. 


*15. An equilateral triangle has one side in a given plane. The 
plane of the triangle is Inclined to the given plane at an 
angle of 6o°. What is the ratio of the area of the triangle 
to the area of its projection on the plane? 
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*l6. 

*17. 


Explain how to divide a trapexoid into two parts that have 
equal areas by a line through a vertex. 


Find the length of the diagonal, of a <v 


whor.'i 


units long. 


*18. In this rectangular solid 
AE *5, AB = 10 and 
AD - 10. 

a. Find AG. 



b, Find AG. 


*19. Given: Square ABCD with 
points E and F as 
shown, so that EC FC. 
Area ABCD ~ 2^6 sq. ft. 
Area of A CEF = 200 sq. ft. 

Find BE. 


A BE 



D C 


*20. If W, X, Y and 2 are 
mid-points of sides of 
square ABCD, as shown in 
the figure, compare the area 
of this square with that of 
square RSPQ. 
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* 21 . 


The figure shows two zculvtG right triangles. The first of 
these has a hor'.tonta'i side of length 10 unLtc and the second 
has a horizontal hyawf'-nusc of length l'i units. 



i. Draw two such triangles on graph paper. Cut out the 
second one and place it on the first to show that 
their areas are apparently equal. 

b. In the first figure count the number of small squares 
and the number of small half squares (right isosceles 
triangles). Use these numbers to compute the area. 

c. Do the same for the second figure. 

d. Explain the discrepancy. 






Chapter 12 
SIMILARITY 


12-1, The Idea of a Similarity , 

Proportionality . Roughly speaking, two geometric figures are 
similar If they have exactly the same shape, but not necessarily 
the same size. For example, any two circles are similar; any two 
squares are similar; any two equilateral triangles are similar; 
and any two segments are similar. 



Below are two triangles, with the lengths of the sides as 
indicated: 


B 




These figures stand In a very special kind of relation to each 
other. One way to describe this relation, speaking very roughly, 
Is to say that the triangle on the left can be "stretched", or the 
one on the right can be "shrunk", so as to match up with the other 
triangle, by the correspondence 

ABC*~>A'B’O’ . 
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Of course, this correspondence Is not a congruence, because each 
side of the right-hand triangle is twice as long a:; the corres¬ 
ponding side of the other. Correspondences of this type are 
called similarities . The exact definition o t a Mini lari ty will be 
given later in this chapter. 

Notice that the lengths of the sides of our two triangles 
form two sequences of positive numbers, a, b, o and a 1 , b 
c', standing in a very special relation; each number in the 
second sequence is exactly twice the corresponding number In the 
first sequence; or, said another way, each number in the first 
sequence is exactly half the corresponding number '.n the ruuuuid 
sequence. Thus 

a' - 2a, a - Tja 1 ■ 

b 1 = 2b, or b -- 75b 1 , 

£. 

c' = 2c; c ~ 7jc' . 


Another way of putting this is to write 


b 1 c 1 

= r = 2 > 


or 


b 

F 1 * 


1 

7 


r = r 

Sequences of positive numbers which are related in thin vmy are 
called proportional, 


Definition: Two sequences of numbers, a, b, 0, 
and p, q, r, none of which is zero, are proportional if 



The simplest proportionalities are those involving only four 
numbers, and these have special properties that are worth noting, 
We list some of them for later reference. 



Algebraic Properties of a Simple Proportion . 


?6l 


a c 


If 


F “ 1 > 


with a, b, 

c, d 

all different from zero, 

then 

( 1 ) 

ad * be, 



( 2 ) 

a b 
c E F ' 



(3) 

a -t- b c + 
S “ T 

d 

""""l 


('0 

a - b c - 

33 3“ 

d 


Proof: Taking the original equation 

(1) Multiply both sides by bd to get ad = be; 

(2) Multiply both sides by ^ to get — = 

(3) Add 1 to both sldeB to get —^ ■ = -. 

(4) Subtract 1 from both sides to get - a ^ — = - c j - — . 

Other relations can be derived, but these are the moBt useful. 

Definition : If a, b, c are positive numbers and ^ = 

then b la the geometric mean between a and c. 

From Property (l) above. It follows that the geometric mean 

between a and c 1 b ,/ac. 

Problem Set 12-1 
1. Complete each statement: 


a. 

If 

a 

F 

3 

as y 

then 

7a ™ 

b. 

If 

X 

3 

1 

then 

4x <= 

c . 

If 

6 

*5 

4 

y 

then 

6 y = 


r rp<-> . t p-i i 


ofer 



262 


2. In each of the following proportionalities, find x. 


a. 

x 3 

2 = V 


c. 

^ 88 $r- 

h. 

l _ 4 

x “7* 


d. 

2 11 

F = x~’ 

Complete each statement: 



a, 

If 3a = 2x, 

then 

a 

x ~ ’ 

and a* , 

b. 

If 5-3 = 4m, 

then 

4 

J = -> 

and —- ■ ■, 

c. 

If 7b = 4a, 

then 

a 

F - -* 

and — = - 

a 

d. 

If 5‘9 = 6 x, 

then 

X 

5 “ ' 

and ^ = -, 

In 

each of the following proportionalities, express 

number a in terms 

of the numbers 

b, c and d. 

a. 

2 a 4c 

IF = 5 c[- 


c. 

3 b 5 a 

Tc K tar* 

b. 

2 b _ _7c 

5 a “ lid’ 


d. 

b 6 d 
"Sc a 5 a* 


*5- Complete each statement: 


a< 5 = T ' 


b. 

If 

b I ' 

!■?. 

UilCil 

then 

”15-’ 

y + 2 

^T~ - —, 

ana 

and 

—^—- =* 

y - 2 

c. 

If 

a + c 11 

then 

_a 


a - c 



c 7 ' 


c * 

and 

c 

d. 

If 

t = f ' 

then 

b + a 

_ , 

and 

b - a 


6 - Here are three sequences of numbers. Are any two pairs of 
sequences proportional? 
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One can tell at a glance that the sequences a and b are 
proportional since each number In b is 3 times the 
corresponding number in a. The comparison of a and c 
is not such a simple matter. An efficient way to make such 
a comparison might be to change each to a new proportional 
sequence beginning with 1, that is, 

a. 1, 4 . 

i. h ■ —• 


7. In the following list of sequences of numbers, which pairs 
of sequences are proportional? Make a complete list of 
these pairs of sequences. 



a , 

5, 

7, 9. 

f . 

1 2 , 

1 - 


b. 

1, 

2 , 3 . 

g. 

27, 21, 51. 


c . 

9, 

7, 17. 

h . 

15, 30, 45. 


d. 


•J75 , 1 A * 

1 . 

10, 14, 18. 


e . 

l8, 

14, 34. 



8. 

If 

w 

TR5 “ 

what are the 

values of w and v? 

9. 

If 

3 „ 

X 

4 11 4 , . . 
— ss what 

y z l 7 

are 

the values of x, y and 

10. 

Which of 

the following are 

correct for all values of the 


letters 

involved assuming 

that 

no number in any sequence 


Bhown is 

zero? 




a. 

3 

T3T 

4 

" yip* 

d. 

a + b 1 

a 2 + b^ a + b 


b . 

w 

k 

■ TOTc* 

e , 

x y z w 

x*" y z w 


n 

r 

^ jj _ t 

f 

1 c - d 


U • 

“5 

r 

“ rs aE* 

Jl. * 

c + d ' o 2 - d 5 ' 


[sec. 12-1] 
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11, if = ij^ = fifj = Y"* what are the val ' aeo ° r P« ( l and t? 

12. The geometric mean of two positive numbers a and n !s 

b = 7 ^ 0 . The arithmetic mean of a and e in d • 

Find the geometric mean and the arithmetic moan ».f the follow¬ 
ing pairs: 


a. 

4 

and 

9- 

d. 

2 

and 

b. 

6 

’ and 

12 . 

e. 

2 

and 3 

c. 

8 

and 

10 . 





12-2. Similarities between Triangles . 

We can now state the definition of a similarity between two 
triangles. Suppose we have given a correspondence 

ABC <->A’B 1 C 1 

between two triangles 


B 



A, b is the length of the side opposite B, and so on. If 
corresponding angles are congruent, and 

a b c 
a’ " S' = o' ' 

then the correspondence ABC^A'B'C' is a similarity, and we 
write 


A ABC ~ AA’B’C . 
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Definition : Given a correspondence between the vertices of 

two triangles. If corresponding angles are congruent and the 
corresponding olden ore proportional, then the correspondence is 
a similarity , and the triangles are said to be clmllar . 

Notice that thin definition requires two things: (l) corres¬ 
ponding angles must be congruent, and (?.) correspondlng sides must 
be proportional . In putting both of these requirements into the 
definition, we are making sure that the definition may be applied 
to polygonal figures of more than three sides. To see what the 
possible troubles might be, If we used only one of our two require¬ 
ments, let us look at the situation for quadrilaterals. 


B 

A 


C 
^ D 


B 1 


A 1 


C> 

D 1 


First consider the correspondence ABCD<~>A , B , C , D', between the 
two rectangles In the figure. Corresponding angles are congruent, 
because all of the angles arc right angles, but the two rectangles 
don't have the same shape, by any means. 

Now consider a square and a rhombus, with edges of length 1 
and 2, like this: 



Under the correspondence ABCD^A'B'C'D', corresponding sides 
are proportional, but the shapes are quite different. 
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566 


We shall see later that for the case of correspondences 
between triangles , if either one of our conditions holds, then so 
does the other. That is, if corresponding angles are congruent, 
then corresponding sides are proportional] and conversely, if 
corresponding sides are proportional, then corresponding angles 
are congruent. These facts are given in the A.A.A. Similarity 
Theorem and the S.S.S. Similarity Theorem, which will be proved 
later in this chapter. 


Problem Set 12-2 


1 . 


Given a similarity A ABC~ADEF, 



using the notation AB, AC, and so on. Them 


a. 

Express 

AB 

in 

terms 

of 

AC, 

DE 

and 

DF, 

b. 

Express 

BC 

in 

terms 

of 

AB, 

DE 

and 

EF. 

c. 

Express 

AC 

in 

terms 

of 

BC, 

EP 

and 

DF. 

d. 

Express 

AB 

in 

terms 

of 

BC, 

DE 

and 

EF. 

e. 

Express 

BC 

in 

terms 

of 

AC, 

EF 

and 

DF. 

f. 

Express 

AC 

in 

terms 

of 

AB, 

DE 

and 

DF. 
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2. Below are listed five sets of 3 numbers. Point out which 

pairs of sets of numbers (not necessarily in the order given) 

might be lengths of sides of similar triangles. Write out 

the equal ratios In each case. For example, a, b; 

3 4 6 

S " B = T?’ 



a. 

3, 

4, 

6. 

d. 

9 , 

12, 

18. 


b. 

8, 

6 , 

12. 

e . 

2, 

4I 

4. 


c. 

3, 

4, 

9. 





3. 

Two 

prints 

of a negative 

are made. 

one 

a contact print and 


one enlarged. In the contact print an object has a length 
of 2 inches and a height of 1.6 Inches. In the enlarged 
print the same object has a length of 7.5 Inches. Find Its 
height in the enlargement. 

4. If A ABC s A A'B'C', does it follow that A ABC ~ A A'B'C'? 
Why or why not? 

5. Prove: The triangle whose vertices are the mid-points of the 
sides of a given triangle is similar to the given triangle. 


12-3. The Basic Similarity Theorems . 

Consider a triangle A ABC. Let D and E be different 
points on the sides AB and AC, and suppose that tf and b£ 
are parallel. 



It looks as if the correspondence 

ABC <-> ABE 
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ought to be a similarity, and it is, as we shall presently see. 

We prepare the way with a series of theorems. 

Theorem 12-1 . (The Basic Proportionality Theorem.) If a 
line parallel to one side of a triangle intersects the other two 
sides in distinct points, then it cuts off segment,:; which are 
proportional to these sides. 

Restatement: In A ABC let D and E be points of ~VB and 

_ ^ ^ ^ 

AC such that DE || BC. Then 

AB = AC 



Proof: (1) In A ADE and A BDE think of AD and’ BD as 

the bases and the altitude from E to U as their common 
altitude. Then by Theorem 11-5, 

area A BDE _ BD 

area A ADE ~ TCC* 

(2) In A AED and A CED think of AE and CE as 

the bases and the altitude from D to AC as their common 
altitude. Then by Theorem 11-5, 

area A CPE CE 
area AADE = Ig* 

(3) A BDE and A CDE have the same base, DE - , and 
congruent altitudes, since the lines M and are parallel. 
Hence by Theorem 11-6, 

area A BDE = area A CDE. 
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(4) It follows from (l), (2) and (3) that 

BD CK 

VT) " IE 

Applying Algebraic Property (3), from Section 12-1, 

AB AG 

IS " IE' 

The converge of Theorem 12-1 is also true (and is easier to 
prove), That to, we have: 

Theorem 12-2 . If a line intersects two sides of a triangle, 
and cuts off segments proportional to these two sides, then It is 
parallel to the third side. 

Restatement: Let A ABC be a triangle. Let D be a point 
between A and 53, and let E be a point between A and C. If 



Proof: Let BC' be the line through B, parallel to DE, 

4 "> 

and Intersecting AE in C' , By Theorem 12-1, 


AB AC' 

VS * TE~’ 


bo that 


AC' = AE 



But the equation given in the hypothesis of the theorem means that 

AC = AE • £§. 
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Therefore AC' = AC, Therefore C' = C, and tic is parallel to 
Dlf, which was to be proved, 


Problem Set 12-3a 


1 . 


2 . 


3. 


In this figure the lengths 
of segments are a, b, x 
and y as shown, 


a + b 


a x 

a + b x + 

- - 


a + b 


x + y x 


a 

b " 




In this figure 

if HT 

PA 

TB 

PH 

FT = ‘ 

ii 

ctifw 

FT 

W = ’ 

PH 

BT 

w 

M = ■ 


F 



In 

the figure. 

> 


a. 

If 

RH = 

4, HF 

= 7, 


BP 

= io, 

then 

AB = 

b. 

If 

rh’ = 

6, HF 

o 

i—t 

ii 


AB 

= 3, 

then BF - 

c. 

If 

RH = 

5, RF 

= 20, 


AP 

CO 

i—i 

ii 

then 

BF = 


R 
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4 In the figure, DK || AP 

r* 



a. 

If 

AC 

■- 12, 

CD 

» 4, 

CE 

- 8, 

find 

BC. 

b. 

If 

AD 

- b, 

BE - 

10, 

CD 

- 

find 

CE. 

c. 

If 

no 

» 22, 

EB 

- h, 

CD 

= 8, 

find 

AC. 

d. 

If 

AD 

- 

CD = 

7, 

BC - 

CO 

r-i 

find 

BE. 

e. 

If 

AC 

lb, 

CK 

h, 

BC 

- 18 , 

find 

AD. 


5. In the figure lot the r.egment£5 
have ineamiri!!) as indicated. 

Can MN || KL? Justify your 
answer. 



6. Which of the following sets of 


data 

make 

FG 

|| BC? 



a. 

AB 

a 

14 , 

AP = 6, 

AC 

= 7, 


AG 

~ 

3 . 




b . 

AB 

as 

12 , 

FB = 3, 

AC 

00 

ll 


AG 

2E 

6. 




c . 

AP 

K3 

6, 

PB « 5, 

AG * 

• 9, 


GC 

ss 

8, 




d. 

AC 

— 

21 , 

GC - 9 , 

AB 

11 

i-> 

4=- 


AP 

= 

5- 




e . 

AB 


24 , 

AC = 6, 

AF 

00 

II 


GC 

■= 

4. 
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7. 


If, in the figure, DF || AB, 
prove 

DA FB 
a * CE “ CF* 


• b. 
c. 


Hint: Use Theorem 12-1 
and subtract 1 from each 
fraction. 

CA CB 

m = se- 

CA CD 

m = ei* 



9. 


Given the figure, one person 
handled the problem of finding 
w in this way: 



Propose a more convenient 
equation. Do you get the 
same result? 

Place conditions upon x such 
that DE || AB, given that 
CD = x - 3, DA = 3x - 19 , 

CE = K, and EB = x - 4. 



In thla_figure if EF || AB, FG || go, and OH || 65, prove 
HE |j DA. Must the figure be planar? 
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Prove: If three or more 
parallels are cut by two 
transversals, the Intercepted 
segments on the two transver¬ 
sals are proportional, 
Restatement: If the lines 

L, and are transversals 

J. r, ^—> 

of the parallel lines AD, 

BE, and CP, then 
AB DE 

m a ef* 

Three lots extend from Packard 
Street to State Street as shown 
in this drawing. The side 
lines make rLght angles with 
State Street, and the total 
frontage on Packard Street is 
3601. Find the frontage of 
each lot on -Packard Street. 




Given: A ABC. XYZ, such that 
XA, "yb, ZC meet in 0 and 

if 11 ic?, 1? ill?. 

Prove: 1? j| 1? 
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14. A printer wishes to make a card 
6 inches long and of such width 
that when folded on the dotted 
line as shown it will have the 
same shape as when unfolded. 
What should be the width? 



Theorem 12-3 , (The A.A.A. Similarity Theorem.) Given a 
correspondence between two triangles. If corresponding angles 
are congruent, then the correspondence is a similarity. 

Restatement: Given a correspondence 

ABC » DEF 

between two triangles. If / A = / D, / B = / E and [ C ~ [ V, 
then 

A ABC -v A DEF. 

Notice that to prove that the correspondence is a nlmlJarlty, 
we merely need to show that corresponding sides are proportional. 
(We don't need to worry about the angles, because corresponding 
angles are congruent by hypothesis). The proportionality of the 
sides means that 


AB AC _ BC 
M DP “ EP' 

It will be sufficient to prove that the first of these equations 
always holds. (Exactly the same proof could then be repeated to 
show that the second equation also holds). 
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Proof: Lot K> and I*” bo points of AB and AC, such 

that AE' ~ DK and AF' ^ DF. By the S.A.S. Postulate, we have 

A AK'F' ^ A DEF. 

^ ^ 'p 

Therefore A K'F 1 ~ /_ B. Therefore E'F' and BC are parallel, 

or coincide. If they coincide then AAE'F’ - A ABC, and so 
A ABC « A DEF; in this case, 

AB a DE and AC = DF, 

or 

AB AC , 

m w = 1 - 

4 — K > 

If E’F 1 and BC are parallel, then by Theorem 12-1, we have 


AB AC 
EE' = EF' * 

But AE 1 = DE and AF 1 = DF. Therefore 

AB _ AC 

EE “ I5F * 

which was to be proved. 

The theorem just proved allows us to prove a corollary which, 
it turns out, we quote of toner than the theorem in showing that 
two triangles are similar. Recall from Corollary 9-13-1 that if 
two pairs of corresponding angles of two triangles are congruent, 
the third pair must be also. Thus from Theorem 12-3 we Immediate¬ 
ly get the following corollary: 


[sec, 12-?] 



576 


Corollary 12-3-1 . (The A.A. Corollary.) Given a correspond 
ence between two triangles . If two pairs of corresponding angles 
are congruent, then the correspondence is a similarity. 

For example, if /_ A = /_ D and £_ B 3= E, then 

A ABC ~ A DEP. 

If /A s/D and / C s / P, then the same conclusion follows. 
And similarly for the third case. 

We can now Justify our statement at the beginning of this 
section by proving the following corollary: 

Corollary 12-3-2 . If a line parallel to one side of a tri¬ 
angle Intersects the other two sides in distinct points, then it 
cuts off a triangle similar to the given triangle. 



For if DE || BC then by corresponding angles / ADE » / B and 
Z AED “ Z C- Also l_k S £ A. Hence A ADE ~ A ABC, by 
Theorem 12-3 or Corollary 12*3-1. 

Theorem 12-4 . (The S. A. S. Similarity Theorem.) Given a 
correspondence between two triangles. If two pairs of correspond 
ing sides are proportional, and the Included angles are congruent 
then the correspondence is a similarity. 


[sec, lg -^1 
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Re«tat.*: Vv-j. A' '*. 


If 

and 

then 


M ■* i 1* 


« * tf’t* < 

WTrT , 

i iJ £* 


A A;-* -v A P'jvF 



I At i 



<:u: ” l 's >.* points of AB and AC, such 
that AK‘ ■ Dr. si.**. AK* Dr. Then 

AC 


n 


nf* n? 

- <****$* ^ 

By Theorem IP-.,", <hSs m»<anA that K'F 1 and BC are parallel. 
When two parallel Jti;**:’ ar»- -ut <;y a transversal, corresponding 
angles are 'onpT'r'hf. Th»*r*‘fur«* 

L iK * Z *■ 

and / C a It'. 

But we know, ty tSu* t». A. S. Postulate, that 

A AE'F' * A DEF, 

Therefore Z e si £_ E 

and Z f a Z p - 

Therefore Z B a Z E 

and 0 SI Z F, 

We already knew by hypothesis that 

Z A S£ Z Dl 

Therefore, by the A.A,A. Similarity Theorem, We have 

A abc ~ Adef , 


which was to be proved. 
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We have one more basic similarity theorem for triangles. 


Theorem 12-5 . (The S. S, S. Similarity Theorem.) Given a 
correspondence between two triangles. If corresponding sides are 
proportional, then the correspondence is a similarity. 


If 


Restatement: Given ABC DEF. 

AB AC _ BC 

m 3 W “ W 


then A ABC 



AC, such that AE’ = DE and 


~ A DEF. 



and F' be poLnto of AR and 
AF« - DF. 


Statements 



AB 

AC 




i , 

Df = 

W 



1. 


AB 

AC 




et . 

TE* = 

" AF' ' 



2. 

3. 

E'F' 

and BC 

are parallel 

3. 

4. 

L e a /_ B and / f 

-z=- 

4. 

5. 

A ABC <* A AE* 

F' . 


5. 

f. 

E'F 1 

AE' 





TB" 

= Tffi* 



6. 

7. 

E'F' 

- bo ae ' 

- bc if~ 

-' -Rh DE 


7. 

8. 

AB 

Df - 

BC 

EF or 

EP = BC?®. 

8. 


_ Reasons _ 

Hypothesis. 

Substitution, 

Statement 2 and Theorem 12-2. 

Theorem 9-9. 

A. A. Corollary. 

Definition of similar tri¬ 
angles . 

Statement 6 and substitution, 
Hypothesis. 
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JO 


9- 

10 . 

11 . 

12 . 


' t W i 


A AE 1 F 1 *' AIK 


Z- " 


z 


A 

/ w 

<L " 


arm 


13. A Aril - A IKK. 


4 « 



Ciafcoments ? and 8. 
The S.S.S. Theorem, 
Corresponding parts, 
statements ; i and 11. 
The A.A. Corollary. 


Pj\'1 f 

1. Given a o.,x’reo punch: j'." k e ABC<—>DEF between two triangles. 
Which of the* fallowing casus are sufficient to show that the 
correspondence in a similarity? 

a. Z ~ Z L >■ ” Z *• 

K Ar DK 

Q ( ' 

c. Corresp >r;d 1 ng older, are proportional. 

d. Both triangles are equilateral. 

e. Both triangles arc isosceles, and m/ A = mD. 

f. m/ C =- m/ F -* yo, and AB ~ DE. 

2. Which of these similarity theorems do not have related con¬ 
gruence theorems: S.A.S., S.S.S., A.A.A., A.A.? 

3. Is there any possibility of A I being similar to A II if’* 

a. two angles of A I have measures of 60 and 70 while two 
angles of A II have measures of 50 and 80 ? 

b. two angles of A I have measures of 40 and 6o while two 
angles of A II have measures of 60 and 80 ? 

c. A I is a right A , while A II is isosceles with one 
angle of measure 4o? 

d. A I has sides whose lengths are 5, 6, 7, while A II 
has a perimeter of 36,000. 
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4. Here are six pairs of triangles. In each case tell whether 

the two triangles are similar. If they are, state the theorem 
you would quote as proof. 



5 ■ Given the figure shown with 
AC _[ BC and CX _[ AB. 

a. Name an angle which is 
congruent to / ACB. 

h. Name an angle with the 
same measure as Lb, 

c. Name a triangle which 
is similar to A ACB. 

6- If the^lengths of DX, XE, 
and PX are p, q and r 
respectively, what length 
of XG will assure similar¬ 
ity of the triangles? If 
P ~ 3q, must m/ D = 3m/ E? 


C 
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7, Below is a aeries or statements giving the lengths of sides 
of a number of triangles. Decide for each pair whether the 
triangles arr* similar and then make a statement as follows: 


A is similar to ^_ , or 

A is not similar to ^ __. 

For each pair that are similar write a statement showing the 


proportionality of the sides. 


a. 

AB « 

i 

af *» 

a 

i 

KB 

= 7. 

b. 

MT * 

2, 

MW * 

9, 

TV/ 

.t 0. 

c. 

AB -- 

^ > 

DC « 

2, 

AC 

ii. 

d. 

AB 


AC r. 

7, 

BC 

- 8. 

e. 

AB * 

x ,b, 

BC 


2.4, 

AC 


XW - 

0 Ji, 

XT 

— 

o.«3, 

WT 


OR = 15 ) 

03 = 9, 

.—i 

cvj 

li 

s 

RS - l\> 

LS = 9, 

RL = 3. 

XY a 2|, 

XZ = 2, 

YZ = 3. 

o 

if 

g 

RT = 35, 

ST = 30. 


3, 

0.3. 


8. GIven: / P ? / D. 

CD « HkB, 

Provo: BD ® 5BL. 






In each figure a segment has been drawn parallel to the base 
of a triangle, and the lengths of certain segments have been 
Indicated. 
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a. prove that * - £ (Hint! Write a proportion.) 

b. Prove that x = mp. 

t ,2 

c. Prove that x = lc . 

1 

d. Prove: x = 

e . Part c is a special case of which other part? 

f Part d is a special case of which other part? 

g . Do the results depend on the size of the vertex angle? 

10. Explain how two triangles can have five parts (sides, angles) 

of one triangle congruent to five parts of the other triangle, 

but not be congruent triangles . 



*12. a. 


b. 


c. 


d. 


If 55, S3 1 and M’ are 
perpendicular to 55, 


name the pairs of 
similar triangles. 

Which is correct: 



Which is correct: 

S. = 1 or Z = —g~- 

x p x p + q 

Show that i ^ 

a y z 
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13 * 


e. 

Tie 1 :,r ii 

4 * 

Hi t 

”ii w ;oni 


a tear wh 

4 ,'V 

a t- i 

rs' 'siuia* 


other a'. 

un \ 

n * ir/iir;; 


1 J 1 1 


nivn this 


n ( 3 n 




see part 

(•;) 

.{ini th*» f 

Given 

i pai'a]!'*: 

ngr.-i 

m APHv, 

with 

d tagoj i. 1 .1 

* 

ni .d 

segment A:*' l 

nt‘‘r 

h 1 v V blip , 

in ii 

; as shown. 


Prove 

: 1 ■ ■ • 

tJi 

A *•* 

3:h • A}?. 

In this ngur*' 

* 4* 

DP jl ^ 

and 

' \* ¥ j . 

W*t’ f • i. V, " 

r Vi»* 

- * ' t' x 

Tl * 

c' 

Prove 

(: a . A A 


A UUC. 


b. A I s 

1*0 ~ 

A AwB. 


« , AD l 

DC. 


V d. eo it take two men to complete 
‘an complete In C hours and the 
?" can bu answered by solving 


15. 


Prove the following theorem: 
the blsector wf an angle of 
a triangle divides the 
opposite side into segments 
proportional to the adjacent 
aides, 

Given: A ABC 4 AD the bi¬ 
sector of l_ A meeting BC 
in D. 

CD 




Prove: 


CA 

JS‘ 


m 

(Hint: Make BE 



AD.) 
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*16, Given A ABC. Let the bisectors of the internal and external 
angles at A meet in points D and D' respectively. 

Prove that = jg. (Hint: Make BF || D 1 A.) 



*17. If we have an electrical circuit consisting of two wires in 
parallel, with resistances R^ and R^, then the resistance 
R of the circuit is given by the equation 



\—-vvwvvv—■~ / 
R z 


The following scheme has been used to find R, given R.^ 
and R 2 . 
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Numerical scales are marked off on three rays as in Figure 1. 
A straight-edge Is placed so as to pass through R 1 and R 2 
on the two outer scales, and R is read off on the third 
scale. Using the scales of the figure, select values for 
H 1 , Rg, find R from the figure and check your result to 
see that the equation above is satisfied. 


a. 


b. 


Prove that the method really works. See Figure 2. 

Could the same diagram be used to find R in the 
11 l 

equation = - TT ^ 


18. 


In this figure W3 
and LQ are medians 


RW _ RT 
At '* W " Hi 


Prove that 
A RWT 'v A ALM. 


R 




19. Olven in this figure that 
RA J[ AB, FB J_ AB and 
RH l AF. 

Prove that A HRA ~ A BAF 
and HR*BF « BA‘HA. 
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The figure AjBjC^ has been enlarged by introducing from 
an arbitrary point P, the rays PAp PP^, PC ^ and PD^; 
locating Ag, Bg, Cg and Dg so that PA ? - 2PAj , 

PBg = 2PBp etc.; and finally drawing segments AgBg, 

AgD^ etc. 

a. Draw a simple object, a block or a table, for example, 
and enlarge it by the method shown. Is it necessary 
that PAp PB 1 , etc. be doubled ? 

b. How could the method be modified to draw a figure with 
sides half the length of those of A^B^C^D^? 


c. 


Prove: 


A PA-jB^ ^ A PAgBg and 


AgBg PAg 


d. Prove: A A-jB^ ~ A AgBgDg. 

e. Could the enlargement be carried out Li' P were 
selected on or inside the given figure? 
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Given: Quadrilateral 
as in the figure with 
and A QXR ~ A TXS . 

Prove: QJR - TS . 



Given: AW 1 KK. 

BFRQ 5o a, o Qua re with 
Q on AW and R on 
WM as shown In the 
figure. 

Prove: AR-WK - QW-BQ, 

and AB-PM = Rp-BQ. 



Prove the following theorem: 
pondl'dg fill'd 1 ana iiave the same 


F 



In similar triangles corree- 
ratio as corresponding sides. 


Q 



Provo the following theorem: In. similar triangles corres¬ 
ponding altitudes have the same ratio as corresponding sides. 
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25. Prove that if the sides of two triangles are respectively 
parallel, the triangles are similar. 

Given: AB |[ HR . 

AF | | W . 

EF | | W.. 

Prove: ABF ~ HRW . 
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*27. It in known (rw*- Chapter •_) that if two triangles correspond 
so that two gL nco ano tue ingle opposite one of them Ln one 
triangle are rejirraent r--r,pent',vely to two sides and the 
angle opposite the corresponding side of the other (S. S. A.), 
the triangles, need not te congruent, (fine diap'ram.) 




Id the following, statement true or false? Explain. 

If two triangles correspond such that two sides of one tri¬ 
angle are proportional to two aides of the other, and the 
angles opposite a pair of corresponding slde3 are congruent, 
then the triangles are similar. 

* 28 . A KDF Is isosceles with 

DK s DF, A ABC l3 such that 
E and F He between A and 
C, CB j| KD, and A, B, D 
are colllnear. 

a. What true statements con¬ 
cerning similarity and 
proportions can be made 
concerning 


L. A ABC 

and 

A APE? 

2. A ABC 

and 

A ADF? 


b. Is the following statement true or false? Explain. 

Given A ABC with D on segment AB, X on segment 
AC, such that ^ then 'bc' and ImT must be 

parallel. 
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*29- A tennis ball is served from a height of 7 feet to clear a 

net 3 feet high. If it is served from a .Line 39 feet behind 
the net and travels in a straight path, how far from the net 
does it hit the ground? 



Given ABC and XYZ such 
that AX - , BY and CZ are 
parallel and also "acT ]| "xf". 
BA and YX meet in D and 

< > 4 > 

BC and YZ meet in E. 
Prove: AC || DE |j XZ. 



\ 



B 
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32. The angina in the gur<- 
marked with amai ! :nparo:i 
are right angle:;. 

PF AD 

a. Show that 

b . Then ohow that 

BE CD AC AD PC 

m T^T ’ a?T VJ ' THT 



12-h . Similarities 1 n Right Triangles . 

Theorem 12-c . In any right triangle, the altitude to the 
hypotenuse separates the triangle Into two triangles which are 
similar to each other and to the original trLangle. 



Restatement: Let A ABC be a right triangle with its right 
angle at C, Let CD - be the altLtude from C to the hypotenuse 
AB. Then 

A ACD ~ A ABC ~ A CBD. 

Notice that the restatement is more explicit than the first 
statement of the theorem; it tells us exactly how the vertices 
should be matched up to give the similarities. Notice also what 
the scheme is in matching up the angles: (l) The right angles 
match up with each other, as they have to in any similarity of 
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right triangles, (2) Each little triangle has an angle In common 
with the big triangle, and so the angle matches itself. (3) The 
remaining angles are then matched. 

Proof: In the proof, the notation for the angles will be as 
shown In the figure. 

Since [_ C is a right angle, we know that [_ a and / b 
are complementary. That is, 

a + m/ b = 90 . 

Also, since j_ d is a right angle, 

m/ a + m/ b< = 90. 

Therefore [_ b » [_ b 1 . 

Trivially, /a = / a; 

and l C = / d, 

because [ d is a right angle. By the A.A.A. Similarity Theorem, 
we have 

A ACD ~ A ABC. 

The proof of the other half of the theorem is precisely 
analogous, with the point B behaving like the point A, 

Corollary 12-6-1 . Given a right triangle and the altitude 
from the right angle to the hypotenuse: 

(1) The altitude is the geometric mean of the segments Into 
which it separates the hypotenuse. 

(2) Either leg is the geometric mean of the hypotenuse find 
the segment of the hypotenuse adjacent to the lug. 
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He:; tatoment: 


angle fit C i 
AB. Tnen 


(1) 


( 2 ) 


AD 

CB 

AD 

IU 


and 



AC 


TiB 


I,) l t A ArC L»: a right triangle with its right 
’’t B tf; the I’us/t of the altitude from C to 


and 


DD 

TTfT 


BC 

ET 


c 



Proof: (1) By Theorem 12-6, A ADC ~ A CDB . 

Hence, . 

(2) By Theorem 12-6, A ADC " v A ACB • 
Hence, *» . 

Ais0 - A BDC ~ A BCA » 

nnrf BD BC 
ana so g^j =* * 


Problem Set 12-4 


1. Given right A ABC with 
altitude drawn to the 
hypotenuse and lengths as 
shown, find the unknown 
lengths. 


2. Follow the directions In 
Problem 1. 
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3* In this right triangle with 
the altitude drawn to the 
hypotenuse it is possible 
to find a numerical value 
for each segment a, x, y. 
Find them. 



4. In a right triangle if the altitude to the hypotonuno In 

and the hypotenuae is 25 , find the length of each leg and of 

the segments of the hypotenuse. 

5. In right A ABC, with right 

angle at C and altitude CD, 

a. if AD = 2 and DB = 8 , 

find AC, CD and CB. 

b. if CD = 9 and AD « 3, 

find AC, CB and AB, 

G * If CB * 12 and AD = 10, 

What are the lengths of 
the other segments? 

<1. if AC = 8 and DB = 12, 

what are the lengths of 
the other segments? 
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12-5. Aivan >f f VI < ur Ti 

Given a :>(j rii"“ ;;',<!*• u, 

easy to see that fi.** i!’*m •-i' 1 1 . 

of the fLrnfc. (TMr 

squares have ^i »J»a anti k.i, 
o 

k , because 


Hi a rquare of side 2a, it is 
: v • t.d .square Is J l times the area 
!'■')' - J fa 2 ,) In general, if two 

t.ii“n the ratio of the areas la 




An analogous result holds for similar triangles: 


Theorem 12-7 . The ratio of the areas of two similar tri¬ 
angles is the o qua re of the ratio of any two corresponding sides 




Proof: Given A ABC ~ AA'D'C, Then 

a' b 1 c' 
a” “ B~ s ”• 

Let k be the common value of these ratios, so that a'= ka, 

b 1 = kb, o' - kc. Let BD be the altitude from B to AC, and 

let B'D' be the altitude from B 1 to "a”" c* . Since A ABD and 

AA'B'D 1 are right triangles, and /_ A » / A’ , we have 

A ABD ~ A A'B'D' . 

Therefore I— « « k. 

h c 

Let A^ and Ag be the areas of the two triangles. Then 

A i ** ^-bh, 

A 2 = |t'h' 

= kb) (kh) 

= k 2 • (rybh) ■ 

Fsec . 12-51 


and 
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Therefore 



which was to be proved. 


Problem Set 12-5 

1. What is the ratio of the areas of two similar triangles whose 
bases are 3 inches and 4 Inches? x inches and y inches? 

2. A side of one of two similar triangles is 5 times the corres¬ 
ponding side of the other. If the area of the first is 6, 
what is the area of the second? 

3. In the figure if H is the 
mid-point of AF and K is 
the mid-point of AB, the 
area of A ABF is how many 
times as great as the area of 

AAKH? If the area of 
AABF is 15, find the area A K B 

of A AKH. 

4. The area of the larger of two similar triangles is 9 times 
the area of the smaller. A side of the larger is how many 
times the corresponding side of the smaller? 

5. The areas of two similar triangles are 225 sq. in, and 36 
sq. in. Find the base of the smaller If the base of the 
larger is 20 inches, 

6. The areas of two similar triangles are 144 and 81. If a Bide 
of the former is 6 , what is the corresponding side of the 
latter? 

7. In A ABC, ^the point D is on side AC", and AD is twice 
CD. Draw DE parallel to AB intersecting BC at E, and 
compare the areas of triangles ABC and DEC. 


F 




397 


8. The edges of on*; cube are double those of another. 

a. What la the ratio of the sums of their edges? 

b. What !.r. the ratio of their total surface areas? 

9 . Row long must a aide of an equilateral triangle be in order 
that itr, area shall bo twice that of an equilateral triangle 
whose aide La 10? 

10 . If similar triangles are drawn on the side and on the altitude 
of an equilateral triangle, so that the side and altitude are 
corresponding sides of the triangles, prove that their areas 
are to each other as l i is to 3. 

11. Two pieces of wire of equal length are bent to form a square 
and an equilateral triangle respectively. What Is the ratio 
of the areas of the two figure 

12. A triangular lot has sides 
with lengths 130 ft., 140 ft., 
and lbO ft. The length of the 
perpendicular from one corner 
to the aide of 140 ft. is 120 
ft. A fence la to be erected 
perpendicular to the side of 
l40 ft. so that the area of 
the lot is equally divided. 

How far from A along AB A 
should this perpendicular be 
drawn? 



13. 


Prove the theorem: The mid¬ 
point of the hypotenuse of a 
right triangle is equidistant 
from the vertices. 





K 


14. Prove Theorem 11-9 by using 
the following diagram and 
problem 13. 



15 . In this triangle AR - RC •■= RB. 
Prove that A ABC Ls a right 
triangle. 



*16. 


17 


Prove: The geometric mean of two positive numbers In lesa 
than their arithmetic mean, except when the two numbers are 


equal, in which case the geometric mean oqualr 
metic mean. (Hint: Let the two given number.' 
tances AH and HB, let HC 
be perpendicular to AB, 

with HC = */AH *~HB, and let 
M be the mid-point of AB, 

Prove [_ ACB is a right 
angle and use the preceding 
two problems.) 

Given: P-ABC is a triangular 
pyramid with a section RST 
parallel to the base ABC. PY 
is perpendicular to the plane 
of the base, and X is the 
intersection of PY with the 
plane of A RST. 

area A HST ,PXn 2 
area A ABC “ ' 


the* arith- 
un thn clio- 






Prove: 
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#l 8 . In the figure, A ARC is a 
right triangle, with hypot¬ 
enuse AB, and CH in the 
altitude from C. 

Let the areas of A ABC, 

AACH.ACRH t>e , K g , 
respectively. 

The following sequence of statements constitutes a different 
proof of the Pythagorean Theorem. Give a reason for each of 
the following statements: 


1 . 

K] = K a + K 3 , 


2 . 

K K, 

j . 0 

X “ — T « 


3. 

A ACH -v A ABC 

•v A CBH 

4. 

1 ( kC \ 2 4. 

1 " W + 

(f§) ■ 


5. (AB) 2 - (AC ) 2 + (BC) 2 . 

Preamble . In the following problems, the lengths of two sides 
and the Included angle of a triangle are given, and It Is required 
to find the length of the third side. By the S.A.S. congruence 
theorem, the third side is uniquely determined, so there should be 
a method of finding it numerically. Another way of giving the 
included angle la to give a representative right triangle In which 
the angle (or its supplement) is one of the acute angles. Actual#, 
only the number k = i^r is needed. For numerical work, this 
number, which depends on / R, has been tabulated, and if this 
table is readily available the computation of the length of the 
third side Is quite straightforward. The number k is called the 
cosine of [_ R, abbreviated k ® cos /_ R, and the table is called 
a table of cosines. For this reason the formula for a 2 that we 
find is called the law of cosines . You will meet it again in 
trigonometry. 
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*19. In the two triangles shown in 

the diagram, Z ^ = Z AC = b, 
AB = c, RS = k and / S is a 
right angle. Find a in terms 
of b, c, and lc, 



* 20 . 


(Hint: Let D be the foot of 

the altitude to AB, and let 

x, y, h be as indicated Ln 

p 

the figure. Express a" in 
terms of h and y; express 
h and y In terms of x, b, 
and c; then, from the similar¬ 
ity A ADC ^ A KST, express 
x in terms of b and k.) 

In the two triangles shown in 
the diagram, [_ BAC is the 
supplement of j_ R, and AC = b, 
AB = c, RS - k and Z S is a 
right angle. Find a in terms 
of b, c and k. 

(Hint*. Let D be the foot of 
the perpendicular to AB from 
C. Then A ADC ~ A RST.) 



*21. a. Let m & be the length of the median to the side BC of 
A ABC, and let BC = a, CA = b, ,AB = c. Prove that 

= |(b E + c 2 - f s ). 

b. Let m & , m b , m c be the lengths of the medians of 
A ABC, with sides of length a, b, c. Prove that 
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H>>v *. >:V Problems 


1 . 


2 . 


3. 


4. 


5 . 


In 

the V 

\ gurO 

t! 

, T| 

il Ai'. 


a, 

IT 

FA * 

i i f 

FC - 

■» i 


PH 

, 

<- J 

VP 

>> 


b. 

IT 

F!‘ 

1 , 

Mi 

l, 


HA 

- 4, 

pw: 

? 


c. 

If 

PA 

7» 

Fn 

Y > 


PH 

ol 

PC 

? 


d. 

If 

HA .a 

h, 

PB a 

12, 


PH 

- 3, 

CP' 

. o 


a. 

Are 

the 

two 

triangles 


pictured 

hero, similar 


if 

AH - 

4, 

AF m 

y» 


QP 

- 3, 

and 

AT - 

0 

; ? 

b. 

If 

AB - 

t; 

J i 

AT « 

3, 


F 



AQ d what must AF 

he to make A TAQ ~ A BAP? 

Give the geometric mean and the arithmetic mean for each of 
the following: 

a, 8 and 10 b, 6 «/2. and 3 -\/2. 


Sketch two figures which are not similar, but which have the 
sides of one proportional to the corresponding sides of the 
other. 


In right A ABC, if FC is 
the altitude to the hypotenuse, 
AP « 12 and BP * 3, find 
AC, FC and BC. 
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6 . If CD = x + 3, DA = 3x 
CE = 5 and EB = x + 5 j 
what must he the value of 
to assure that DE || AB? 


C 



7. Given in this figure, 
B 'S' l D, CD = 4AB. 
Prove BD = 5BE. 



C 


8 . 


9. 


A side of one equilateral triangLe 
of another equilateral triangle, 
areas? 

In A ABC, AC_[BC, CF ]_ AB, 

AB = 20 and FC = 8. Find 
a, b, x, and y. 


Is congruent to nil altitude 
What In the ratio of their 



10. If A ABC -v, A DEF and A 

11. Given rectangle ABFQ as 
shown in the figure with 
WX l AF. 

Prove: 

a. AF-XW - AW-QA. 

b. QF-XW = AX-QA. 

c . AF-AX = AW-OF. 


ACB ~ A DEF, show that AB ~ AC 
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12. The tallest trees in the world are the redwoods along the 
coast of northern California. To measure one of these giants 
you move some distance from the tree and drive a stake In the 
ground. Then you hold a small mirror at ground level and 
sight It in, moving away from the stake until the top of the 
stake and the top of the tree are in a direct line. 

If your stake Is 5 feet tall and is 520 feet from the base of 
the tree, and If your mirror ia 8 feet from the stake when 
the top of the stake and the top of the tree are in a straight 
line, how tall is the tree? 


13, In right A ABC with CF 

the altitude to the hypotenuse, 
and lengths as indicated in the 
figure, find x, y, and w. 



*14. Join the vertices of A ABC to a point R outside^the tri¬ 
angle, Through any point X of AR draw XY || AB meeting 

BR at Y, Draw YZ || BO meeting RC at Z. Prove 
A XYZ -v A ABC. 

15, When we photograph a triangle, is the picture always similar 
to the original triangle? When can we be sure that it is? 
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Chapters 7 to 12 
REVIEW EXERCISES 


Write (l) if the statement is true and (0) if It is false, Be 

able to explain why you mark a statement false, 

1. An exterior angle of a triangle Is larger than any Interior 
angle of the triangle. 

2. In space there is only one perpendicular to a given lino 
through a given external point. 

3. The angle opposite the longest side of a triangle is always 
the largest angle. 

4. In A ABC, if m/ A < m/ B, then AC < BC. 

5. If ABj_BC, then AB < AC. 

6 . A triangle can be formed with sides of lengths 31)1, Id 1, and 

135. 

7. If an angle of one triangle Is larger than an angle of a 
second triangle, then the side opposite the angle in the 
first Is longer than the side opposite the angle In the 
second. 

8 . Two lines in space are parallel If they are both perpendicu¬ 
lar to the same line, 

9. Through every point in a plane there is a line parallel to a 
given line in the plane. 

10. Given two lines and a transversal of them, if one pair of 
alternate interior angles are congruent, the other pair are 
also congruent. 

11. If two lines are cut by a transversal so that one of two 
alternate Interior angles is 90 ° larger than the other, the 
two lines are perpendicular. 

If two lines are cut by a transversal, there are exactly four 
pairs of corresponding angles. 


12 . 
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13 . If two Intersecting lines are cut by a transversal, no pair 
of corresponding angles are congruent. 

14. If the alternate Interior angles formed by two lines and a 
transversal are not congruent, the two lines are perpendicu¬ 
lar. 

15 . GLven two parallel lines and a transversal, two interior 
angles on the same side of the transversal are complementary. 

16. If L, K and N are three lines such that L || M and 

M || N, then L || N. 

17. If L, M and N are three lines such that L J_ M and 

M J_ N , then L J_ fl. 

18. Since the sum of the measures of the angles of any triangle 
is 3 times 80, the sum of the measures of the angles of any 
quadrilateral is 4 times 60 . 

19. If two angles of one triangle are congruent to two angles of 
another triangle, then the third angles are congruent. 

20. If two angles and a side of one triangle are congruent to two 
angles and a side of another, the triangles are congruent. 

21. The acute angles in a right triangle are complementary. 

22. An exterior angle of a triangle Is the supplement of one of 
the interior angles of the triangle. 

23. If a diagonal of a quadrilateral separates it Into two con¬ 
gruent triangles, the quadrilateral is a parallelogram. 

24. if each two opposite sides of a quadrilateral are congruent 
the quadrilateral Is a parallelogram. 

25. Opposite angles of a parallelogram are congruent. 

26 . A diagonal of a parallelogram bisects two of its angles. 

27. A quadrilateral with three right angles is a rectangle. 

28 . The perimeter of the triangle formed by joining the midpoints 
of the sides of a given triangle is half the perimeter of the 
given triangle. 
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29. If the diagonals of a quadrilateral an* perpendicular and 
congruent, the quadrilateral In a rhombus. 

30 . & set of parallel lines intercepts congruent negy^ntn on any 
transversal. 

31. The area of a right triangle In the product a’ th (i hypotenuse 
and the altitude to the hypotenuse. 

32. The area of a parallelogram In the product of the Lengths of 
two of its adjacent sides. 

33. The area of a trapezoid is half the product of ' tn iHltude 
and the sum of its bases. 

34. If two triangles have equal area and ^qual banes, then they 
have equal altitudes. 

35. If the legs of a right triangle have lengths a and b and 
the hypotenuse Is of length c, then b r ' - (<: - a) (e a). 

36. If the lengths of the sides of a triangle arc; J?0, Pi and 31, 
it is a right triangle. 

37* Two right triangles are congruent If the hypotenuse and a leg 
of one are congruent respectively to the hypotenuse and a leg 
of the other. 

o 

38. If one of the angles of a right triangle contains 30 , then 
one leg is twice as long as the other leg, 

39- The length of the diagonal of a square can be found by 
multiplying the length of a side by 4W, 

40. If a line intersecting two sides of a triangle cuts off a 
triangle similar to the larger one, the line in parallel to 
the third side of the triangle. 

41. If each of two triangles have angles of 36° and 37°, the two 
triangles are similar. 

42. If two triangles have an angle of one congruent to an angle 
of the other, and two sides of one proportional to two sides 
of the other, the triangles are similar. 
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43. If the aides of one triangle have lengths 6, 12, and 10, and 
the a I den of another have lengths 15, 9 and 18 , then the tri¬ 
angles are similar. 

44. Any altitude of a right triangle separates It into similar 
triangles . 

45 . A triangle whose sides measure 4, 6 and 8 will have an area 
more than half the area of a triangle whose sides measure 
6, 9 and IS. 

46. If A, B, X, and y are coplanar and if AX = BX and 
AY - BY, then tS J. Icy. 

47. If three non-collinear points of a plane are each equidistant 

^^ 

from points P and Q, then FQ is perpendicular to the 
plane. 

48. If a line not contained in a plane Is perpendicular to a 
line In a plane, then it Is perpendicular to the plane. 

49. A line perpendicular to each of two lines in a plane is per¬ 
pendicular to the plane, 

50 . If a plane bisects a segment, every point of the plane is 
equidistant from the ends of the segment. 

51- If a plane Is perpendicular to each of two lines, the two 
lines are coplanar. 

52. There are infinitely many planes perpendicular to a given 
line. 

53. At a point on a line there are infinitely many lines per¬ 
pendicular to the line. 

54. Through a point outside a plane there is exactly one line 
perpendicular to the plane. 

55- If a plane Intersects two other planes in parallel lines, 
then the two planes are parallel. 

56 . Two planes perpendicular to the same line are parallel. 

< -> <-> .. 

57. If plane E Is perpendicular to AB and AB || CD, then 
E 
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58 . If each of two planes Is parallel to a line, the planes are 
parallel to each other. 

59. If a plane Intersects the faces of a dihedral angle, the 
intersection is called a plane angle of the dihedral angle. 

60 . The projection of a line into a plane is always a line. 



■■-J 

* 1 * * IK 

* * v?, .. 

" ^ .. *■ i'Kf, 


134. Baa If. I>f in l M '.n.i . 

In thin w« - *vri‘‘r; :<• , jf p01nt M „ not Mte 

up of pianos, i:n: r-;I ra : „ Jn ,j . The simplest 

8uch curved IlCiiS »«- ...1 lh, 1-phi.r, and portion, of 

W “ oa: ‘ : hi,nt ,« rs W r», wo begin 

with some do Hr/ V, ?,r . 


art :f point, each of which i 3 

at a given d'.sti:.- !> . g!v.. r . , . j rirel,. lb the sot of 

points in a give, . . . -n f «r -t !s , t a given distance from 

a given point -f In . h „ Klvp|> polnt u called 

the center anti it." given S'st-u.-.. tig. radlan „f the sphere or 

circle. Two ~ r>' rt • «* ,■«**« t.... .. * * } , 

1,1 f the nmn center arc; 

said to be cunc»M.*.r*. *. 



■ PJ^ m PQ^ « pq^ „ radius. 
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Theorem 13-1 . The intersection ,,r 
through its center is a cLrcle with the 


a with a 

nnmr '-'Citor and 


piano 
ran!uc 


Proof: Since the sphere Includes all points at i distance of 
the radius from the center; its intersection with a plane tnroufih 
the center will be the set of all points in tlep plane at tnin 
distance from the center; that is, the circle In thin piano with 
the same center and radius. 


Definition : The circle of Intersection >4’ a uphei“' with a 
plane through the center is called a groat c I rein of the npi.eru. 

There are two types of segments that arc associated with 
spheres and circles. 

Definitions : A chord of a circle or a sphere !n a augment 
whose end-points are points of the circle or the sphere. The line 
containing a chord is a secant . A diameter I:; a chord containing 
the center. A radius is a segment one of whose end-points is the 
center and the other one a point of the circle or tne sphere. 

The latter end-point is called the outer end of the radius. 

The use of the word "radius 11 to mean both a segment and the 
length of that segment follows the convention Introduced in 
Chapter 11. In the same way we use "diameter" to refer also to 
the length of a chord through the center as well as to the: chord 
itself. 

We may refer to a circle as circle C, or simply C. (C is 
most often used.) In stating problems It is convenient to use the 
convention that circle P denotes the circle with center P> 
provided tjiere is no ambiguity as to which circle we mean. Similar 
remarks apply to spheres. 
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Problem Set 13-1 

1 . Study Section 13-1 to help you decide whether the following 

statements are true or false: 

a. There In exactly one great circle of a sphere. 

b. Every chord of a circle contains two points of the circle. 

c. A radius of a circle is a chord of the circle. 

d. The center of a circle bisects only one of the chords of 
the circle. 

e. A secant of a circle may intersect the circle in only one 
poLnt. 

f. All radii of a sphere are congruent. 

g. A chord of a sphere may be longer than a radius of the 
sphere. 

h. If a sphere and a circle have the same center and inter¬ 
sect, the intersection is a circle. 

2. Using your previous understanding of circles and spheres as 

well as your text, decide whether the following statements 

are true or false: 

a. If a line intersects a circle in one point, it intersects 
the circle in two points. 

b. The intersection of a line and a circle may be empty. 

c. A line in the plane of a circle and passing through the 
center of the circle has two points in common with the 
circle. 

d. A circle and a line may have three points in common. 

e. If a plane intersects a sphere in at least two points, 
the intersection is a line. 

f. A plane cannot intersect a sphere In one point. 



g. If a plane Intersects a radius of a sphere at Its mid¬ 
point, the intersection of the plane and the sphere Is a 
circle. 

h. If two circles intersect, their intersection is two 
points, 

3. A city is laid out in square blocks 100 yards on a side. 

Neglect the width of the streets in the following problems, 

a. Describe the location of the points which are 200 yards 
(as the crow flies) from a given street intersection. 

b. Describe the location of the points a taxi might reach 
by traveling 200 yards from a given street intersection. 
(City law prohibits U-turns.) 

4. Prove the theorem: A diameter of a circle is its longest 

chord. 


13-2. Tangent Lines . The Fundamental Theorem for Circles . 

Definitions : The interior of a circle is the union of its 
center and the set of all points in the plane of the circle whose 
distances from the center are less than the radius. The exterior 
of the circle is the set of all points in the plane of the circle 
whose distances from the center are greater than the radius. 

From these definitions it follows that a point in W plbne 
of a circle is either in the interior of the circle, on the circle, 
or in the exterior of the circle, (We frequently use the more 
common word "inside" for "in the interior of", etc.) 
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Definitions : A tangent to a circle is a line in the plane of 

the circle which intersects the circle in only one point. This 
point is called the point of tangency , or point of contact , and 
we say that the line and the circle are tangent at this point. 

In the figure, L Is tangent to the circle at Q, 



We now want to find out what the possibilities are for a line 
and a circle in the same plane. It looks as If the following 
three figures ought to be a complete catalog of the possibilities: 




In each case, P is the center of the circle, and F is the foot 
of the perpendicular from P Jto the line . We shall' soon see that 
this point F — the foot of the perpendicular — is the key to 
the whole situation. If F is outside the circle, as in the first 
figure, then all other points of the line are also outside, and 
the line and the circle do not intersect at all. If F Is on the 
circle, then the line Is a tangent line, as in the second figure, 
and the point of tangency Is F. If F is inside the circle, as 
In the third figure, then the line is a secant line, and the points 
of intersection are equidistant from the point F. To back all of 
this up, we need to prove the following theorem: 
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Theorem 13-2 . Given a line and a circle Ln the same plane. 
Let P he the center of the circle, rind let P be the foot of 
the perpendicular from P to the line. Then either 

(1) Every point of the line to outside the circle, or 

(2) F is on the circle, and the line in tangent to the 
circle at F, or 

(3) F is inside the circle, and the line intersects the 
circle in exactly two points, which are equidistant from 

F. 

This theorem is long, but its length is worthwhile, because 
once we have proved it, the hard part is over: all of the elemen¬ 
tary theorems on secants, tangents and chords are corollaries of 
it. 

Proof: To prove the theorem, we shall show that if F is 
outside the circle, then (l) holdsj if F is on the circle, then 
(2) holds; and if F is inside the circle, then (3) holds. 

If F is outside the circle , then (l) holds . 



Let r be the radius of the circle. Then PF > r. By Theorem 7-6, 
the segment PF is the shortest segment joining P to the line. 

If Q is any other point of the line, then PQ y PP. Therefore, 

PQ > r, and Q, is outside the circle. 
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F 


m 


Here we have I'K r. If * 
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is therefore the characterizing feature of the points Q which are 
intersections of the line and the circle. 

By the Point Plotting Theorem there are exactly two such points 
one on each of the two rays with end-point F. Obviously, they are 
equidistant from F. 

This reasoning does not apply when the line passes through P, 
but in this case we have P = F, PQ = FQ = r, and there are two 
points Q as before. 

Now we can proceed to our first basic theorems on tangents and 
chords which are all corollaries of Theorem 13-2. In all of these 
corollaries,, it should be understood that G is a circle in a plane 
E, with center at P. To prove them, you merely need to refer to 
Theorem 13-2 and see which of the three conditions in the conclusion 
of the theorem applies to the case in hand. 

Corollary 13-2-1 . Every line tangent to C is perpendicular 
to the radius drawn to the point of contact. 

Here it is Condition (2) that applies; and this means that the 
tangent and radius are perpendicular. 

Corollary 13-2-2 . Any line in E, perpendicular to a radius 
at its outer end, is tangent to the circle. 

Since the outer end of the radius must be F, Condition (2) 
applies, and we have tangency. 

Corollary 13-2-3 . Any perpendicular from the center of C to 
a chord bisects the chord. 

Here Condition (3) applies. (In Cases (l) and (2) there is no 
chord.) 

Corollary 13-2-4 . The segment joining the center of C to 
the mid-point of a chord is perpendicular to the chord. 

Use Corollary 13-2-3 or Condition (3), 

Corollary 13-2-5 . In the plane of a circle, the perpendicular 
bisector of a chord passes through the center of the circle. 

Use Corollaries 13-2-4 or 13-2-3, or Condition (3). 
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Corollary 13-2-6 . If a line In the plane of a circle inter¬ 
sects the interior of the circle, then it intersects the circle in 
exactly two points. 

Here also, Condition (3) applies, (in Case (l) and (2), the 
line doesn't Intersect the interior of the circle.) 

Definition : Circles of congruent radii are called congruent . 

By the distance from a chord to the center of a circle we mean 
the distance between the center and the line containing the chord, 
as defined in Section 7-3. The proofs of the following two theorems 
are left to you: 

Theorem 13-3 . In the same circle or in congruent circles, 
chords equidistant from the center are congruent. 

Theorem 13-4 . In the same circle or In congruent circles, 
any two congruent chords are equidistant from the center. 

The following additional definitions are useful in talking 
about circles and lines. 

Definitions : Two circles are tangent if they are each tangent 
to the same line at the same point. If tangent circles are coplanar 
they are internally or externally tangent according as their centers 
lie on the same side or on opposite sides of the common tangent 
line. 



Internally tangent 


Externally tangent 
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Problem Set 13-2 
-R 

1. State the number of the theorem 
or corollary which justifies 
each conclusion below. (C is 
the center of the circle in the 
plane figure.) 

a. If TA = TB, then CK X AB. 

b. If RS_[_CK, then ‘rS is 

tangent to the circle. 

> 

c. If T is In the interior of the circle, then KG will 
intersect the circle in exactly one point other than 
point K. 

d. The perpendicular bisector of FH contains C. 

e. If AB and FH are equidistant from C, then AB = FH. 

f. If RS is tangent to circle C, then CK _[_ HS. 

g. If CK 1 AB, then AT = TB. 

h. If AB = FH, then AB and FH are equidistant from C 



2. Prove Corollary 13-2-3: Any perpendicular from the center, 
C, of a circle to a chord bisects the chord. 


3. Use this figure to prove 
Corollary 13-2-5: In the 
plane of a circle, the 
perpendicular bisector of 
a chord passes through the 
center of the circle. 



4. 


Given a circle, how can Its center be located? 
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5 . In circle C, KN = 40, and 
MN = 24. How far is MN from 
the center of the circle? 


6 . In a circle whose diameter is 30 inches a chord is drawn per¬ 
pendicular to a radius. The distance from the intersection of 
chord and radius to the outer end of the radius is 3 Inches. 
Find the length of the chord. 

7. Given: The figure below, with C the center of the circle 

and KT J_ RS. In the ten problems respond as follows: 

Write "A" if more numerical information is given than is 
needed to solve the problem. 

Write "B" if there is insufficient information to solve the 
problem. 

Write "C" if the information is sufficient and there is no 
unnecessary information. 

Write "D" if the information given is contradictory. 

(You do not need to solve the problems.) 

a. KP = 4, PC = 1, CT = 6, KT = ? 

b. RP = 5, RS = ? 

c. CT = 13, CP = 5, RS = ? 

d. KP = 18, RS - 48, KC = 25, RK = ? 

e. PC = 3.5, RS = 24, RK = ? r 

f. KT = 40, RP - 16, CS = ? 

g. CS - 8 , TK = l 6 , PC = ? 

h. RK = 20, RS = 32, KP = 13, KT = ? 

i. RS = 6 , KC = 5, PT = ? 

j. PT = 5, CS = 6 , RS = ? 
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8. In a circle with center P a chord AB is parallel to a 
tangent and intersects the radius to the point of tangency 

at its mid-point. If AB = 12, find the radius of the circle. 

9. Prove that the tangents to a circle at the ends of the diameter 
are parallel. 

*10. In circle 0 with center at 
0, AB is a diameter and 
AC is any other chord from 
A. If CD is the tangent 

^ ^ y . 

at C, and DO j| AC, 
prove that ts is tangent 
at B. 


11. For the concentric circles 
of the figure, prove that 
all chords of the larger 
circle which are tangent to 
the smaller circle are 
bisected at the point of 
contact. 

Restatement: In each circle 
the center is 0. AB, a 
chord of the larger circle, 
is tangent to the smaller 
circle at R, 

Prove: AR = BR. 
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12. One arrangement of three 
circles so that any one is 
tangent to the other two 
is shown here. Make sketches 
to show three other arrange¬ 
ments of three circles with 
each circle tangent to the 
other two. 

*13. Prove: The line of centers of two tangent circles contains 
the point of tangency, (Hint: Draw the common tangent.) 




Case I Case II 


14, In the figure, A, B and 
C are the centers of 
the circles. AB = 14, 

BC = 10, AC = 18. 

Bind the radius of 
each circle. 




k22 


15. 

*16. 


17- 


Prove Theorem 13-3: In the same circle or congruent circles, 
chords equidistant from the center are congruent. 


Given*. In the figure P is 
the center of the circle, 
and in/ AEP = m/ DEP. 

Prove: AB £ CD. 

In circle R, RD J_ AB 
and RE ]_ BC, RD = RE. 

Prove that DA = EC. 



18. Prove: The mid-points of all congruent chords in any circle 
lie on a circle concentric with the original circle and with 
a radius equal to the distance of a chord from the center; 
and the chords are all tangent to this inner circle, 


*19. 


Given: AB is a diameter 
of circle 0. 'is 
tangent to 0 at T. 

, <r-> «-> , <-*• 

AC J_ CD. BD J_ CD. 

Prove: CO £ DO. 
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13-3. Tangent Planes . The Fundamental Theorem for Spheres . 

Once you have studied and understood the last section, you 
should have very little trouble with this one. We shall see that 
spheres and planes in space behave in very much the same way as 
circles and lines in a plane, and the analogy between the theorems 
of the last section and the theorems of this section is very close 
indeed. 

Definitions : The interior of a sphere is the union of its 
center and the set of all points whose distances from the center 
are less than the radius. The exterior of the sphere is the set 
of all points whose distances from the center are greater than the 
radius. 

Definitions : A plane that intersects a sphere in exactly one 
point is called a tangent plane to the sphere. If the tangent 
plane Intersects the sphere in the point Q then we say that the 
plane is tangent to the sphere at Q. Qr is called the point of 
tangency , or the point of contact . 



The basic theorem relating spheres and planes is the following: 




Theorem 13-5 , Given a plane E and a sphere S with center 
P. Let F be the foot of the perpendicular segment from P to 
E. Then either 

(1) Every point of E Is outside S, or 

(2) F is on S, and E is tangent to S at F, or 

(3) F is inside S, and E intersects S in a circle 
with center F. 

Proof: If F Is outside S then (l) holds . 



The proof follows almost word for word the corresponding 
proof for the circle in Theorem 13-2. The only significant change 
is the use of Theorem 8-11 (shortest segment from point to plane) 
instead of Theorem 7-6. 

If F is on S then (2 ) holds . 



Here, again, the proof is almost identical with that of 
Theorem 13-2., 
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If F _is_ Inslde S then (3) holds . 



Let Q he any point which lies on both E and S. Let 
r be the radius of S, and let x = PF. 



Then l_ PFQ is a right angle, because every line in 

F, is perpendicular to W. Therefore 

2 2 2 
FQ^ + x = r , 


and 

FQ = 7r 2 - x 2 . 


E, through 


Since Q is any point of the Intersection of E and S, 
then every point Q of the intersection is such that FQ is 
constant. Therefore every point of the Intersection lies on the 

f~2. 2 ^ 

circle with center at F and radius v* 1 - x > 

Although we have shown that every point of the intersection 
is on the circle, we have not shown that this set of points is_ 
the circle. That is, there conceivably could be some points of 
the circle which are not points of the Intersection. We now 
prove that this is not possible by showing that if Q, lies on 
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the circle, then it must be a point of the intersection. 

Suppose that Q lies on the circle with center P and 

radius - x 2 . Then /_ PFQ is a right angle, as before, 

so that . _ 

PQ 2 = x 2 + ^/r 2 - x 2 ^ 2 = r 2 , 

r2 

PQ = ^/r = r, since r > 0. 

Therefore Q lies on the sphere. Therefore every point of the 
circle lies in the intersection. Therefore the circle is precise¬ 
ly the intersection, which was to be proved. 

Our first basic theorems on tangents to a sphere are all 
corollaries of Theorem 13-5. In all of these corollaries, it 
should be understood that S is a sphere with center at P. 

Corollary 13-5-1 . A plane tangent to S is perpendicular 
to the radius drawn to the point of contact. 

Corollary 13-5-2 . A plane perpendicular to a radius at its 
outer end is tangent to S. 

Corollary 13-5-3 . A perpendicular from P to a chord of S 
bisects the chord. 

Given: PQ J_ AB. 

Prove: AQ = BQ. 



Coro llary 13-5-4 , The segment Joining the center of $ to 
the mid-point of a chord is pbbpendicular to the chord. 
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Problem Set 13-3 


1. Sphere 0 is tangent to 

^> 

plane E at A. FB and 
are lines of E 

through A. What is the 

^> 

relationship of OA to 
and It?? 



2. In a sphere having a radius of 10, a segment from the center 
perpendicular to a chord has length 6. How long is the 
chord? 

3. In a sphere whose radius is 5 inches, what is the radius of 
a circle made by a plane 3 Inches from the center? 

4. Prove that circles formed on a sphere by planes equidistant 
from the center of the sphere are congruent. 

*5, In the figure, plane E 
Intersects the sphere 
having center 0. A and 
B are two points of the 
intersection. P lies in 
plane E. OF J_ E. AF _[_ BF, 

If AB = 5 and OF = AF, 
find the radius of the 
sphere and m/_ AOB. If G 
is the mid-point of AB, 
find 0G. 

*6. Given a sphere and three points on It. Explain how to deter¬ 
mine the center and the radius of the circle which the points 
determine. Explain how to determine the center and radius of 
the sphere. 




428 


* 7 . Given that plane E is tangent to a sphere S at point T. 
Plane P Is any plane other than E which contains T. 

Prove (a) that plane P intersects sphere S and plane 
E in a circle and a line respectively; and (b) that the 
line of intersection is tangent to the circle of intersection. 

8 . Show that any two great circles of a sphere intersect at the 
end-points of a diameter of the sphere. 

*9. Two great circles are said to be perpendicular if they lie in 
perpendicular planes. Show that, given any two great circles, 
there is one other great circle perpendicular to both. If 
two great circles on the earth are meridians (through the 
poles), what great circle is their common perpendicular? 

*10. In the figure, A and B 
are the centers of two 
Intersecting spheres. 

Briefly describe the inter¬ 
section. 

M and N are points of 
the Intersection. 0 is a 
point in the plane of the 
intersection and Is colllnear 
with A and B. 

If the radius of sphere A 
Is 13, the radius of 
sphere B is 5 / 2 ", and 
MB J_ NB, find the distance 
between the centers of the 
spheres. 
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13-4. Arcs of Circles . 

So far in this chapter we have teen able to treat circles 
and spheres in similar manners. For the rest of this chapter we 
will confine ourselves exclusively to circles. The topics we will 
discuss have their corresponding analogies in the theory of spheres 
but these are too complicated to consider in a beginning course. 

Definition : A central angle of a given circle is an angle 
whose vertex Is the center of the circle. 



Definitions ; If A and B are two points of a circle with 
center P, not the end-points of a diameter, the union of A, B, 
and all the points of the circle in the interior of [_ APB is a 
minor arc of the circle. The union of A, B, and all points of 

— J —' — r • 

the circle in the exterior of APB is a major arc of the circle. 
If AB is a diameter the union of A, B, and all points of the 
circle in one of the two half-planes lying in the plane of the 
circle with edge is a semi-circle . An arc is either a minor 
arc, a major arc or a semi-circle. A and B are the end-points 
of the arc. 
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(2) If AXB is a semi-circle, then mAXB = 180. 

(3) If AXB is a major arc, and AYB is the corresponding 
minor arc, then m^XB = 360 - mAYB. 



In the figure, m/_ APB is approximately 60. Therefore 
mAYT^ is approximately 60, and m^X§ is approximately 300. 

Hereafter, mAX§ will be called simply the measure of the 
arc AXE?. Note that an arc is minor or major according as Its 
measure is less than or greater than l8o. 

The following theorem Is simple and reasonable, but its proof 
Is surprisingly tedious. We will state It without proof, and 
regard it, for practical purposes, as a postulate: 

Theorem 13-6 . If AB and BC? are arcs of the same circle 
having only the point B in common, and If their union is an arc 
AX?, then mAB + mS9 = mX?. 

B 



mA3ffi + m^YC = mABC}. 
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Notice that for the case in which AC is a minor arc, the 
theorem follows from the Angle Addition Postulate. The proof in 
the general case is more troublesome. 

In each of the figures below, the angle x is said to be 
inscribed in the arc ABC). 



Definition : An angle is inscribed in an arc if (l) the two 
end-points of the arc lie on the two sides of the angle and (2) 
the vertex of the angle Is a point, but not an end-point, of the 
arc. More concisely, / ABC is inscribed in ABC). 

In the first figure, the angle is Inscribed In a major arc, 
and in the second figure the angle Is inscribed in a semi-circle. 

In each of the figures below, the angle shown Is said to 
Intercept PQ^. 
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In the first case, the angle Is inscribed; in the second case, the 
vertex is outside the circle; in the third case, the angle is a 
central angle; and in the last case, one side of the angle is 
tangent to the circle. In the second case, the angle shown 
Intercepts not only the arc PQR but also the arc AB^. 

These figures give the general Idea. We will now give the 
definition of what it means to say that an angle Intercepts an 
arc. You should check very carefully to make sure that the 
definition really takes care of all four of the above cases. 

Definition : An angle Intercepts an arc if (l) the end-points 
of the arc lie on the angle, ( 2 ) each side of the angle contains 
at least one end-point of the arc and (3) except for its end¬ 
points, the arc lies in the interior of the angle. 

The reason why we talk about the arcs intercepted by angles 
is that under certain conditions there is a simple relation between 
the measure of the angle and the measure of the arc. 
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In the figure above we see three inscribed angles, x, /_ Y> 
/_ z, all of which intercept the same arc BC. It looks as if 
these three angles are congruent. Indeed, It is a fact that this 
is what always happens. This fact is a corollary of the following 
theorem: 

Theorem 13-7 . The measure of an inscribed angle is half the 
measure of its Intercepted arc. 

Restatement: Let / A be inscribed In an arc of a circle, 
intercepting the arc 'B^. Then 

m Z A = \ 




In order to prove this from our previous theorems we first 
consider an angle Inscribed in a special way. 


[sec. 13-4] 
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Proof: Case 1. Suppose that one side of /_ A contains a 

diameter of the circle, like this: '' 


C 


Let /_ x and / y be as In the figure. Then 

m/ A + m/ x = m/ y, 

by Corollary 9-13-3. PA = PB, because A and B lie on the 
circle. Since the base angles of an isosceles triangle are 
congruent, we have m/ A = m/ x. 

Therefore k) = m/_ y, 

and m/ A = -^(m/ y) = -|(mSd), 

which was to be proved. 

Now we know that the theorem always holds in Case 1. Using 
this fact, we show that the theorem holds in every case. 

Case 2. Suppose that B and C are on opposite sides of 
the diameter through A, like this: 


A 


r_ ii i 
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Then 


m/ A/= m/ v + m/ w. 


and 


mS9 = mSB + rnfid. 


(Why, In each case?) By Case 1, we know that 

m/ v = Tj mS3 

and m/ w = -^ mSS. 

Putting these equations together, we get 

m/_ A = mBb + tj mlSS 

= -g' mBS. 

which was to be proved. 

Case 3. Suppose that B and C are on the same side of the 
diameter through A, like this: 



The proof here is very much like that for Case 2, and we state it 
in condensed form: 

m/ BAC = m/ t * m/ s - m/ u 
= mBb - -£ m55 

= - iti^D) 

= mBS. 

You should check carefully to make sure that you see why each of 
these equations is correct. 
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Prom this theorem we get two very important corollaries: 

Corollary 13-7-1 ■ An angle inscribed in a semi-circle is a 
right angle. 

This is so because such an angle intercepts a semi-circle, 
which has measure 180, 

Corollary 13-7-2 . Angles inscribed in the same arc are 
congruent. 

The proof of this is fairly obvious because all such angles 
intercept the same arc. 


Problem Set 13-4a 


1 . 


2 . 


The center of an arc is the 
center of the circle of 
which the arc is a part. 

How would you find the 
center of A§? 

Given: P is the center of 
kd, m/ C = 45. 

Prove: BP AP . 



B 



3. In the figure, m^B = mBF. 

a. Prove A AHK ~ A BHP. 

b. What other triangle 
is similar to A BHF? 
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4, The two circles in this figure 
are tangent at A and the 
smaller circle passes through 
0 , the center of the larger 
circle. Prove that any chord 
of the larger circle with end¬ 
point A is bisected by the 
smaller circle. 

*5, Prove: Any three non-colllnear 
points lie on a circle. 

Restatement: k, B, and G 

are non-collinear. Prove 
that there is a circle contain¬ 
ing A, B } and C. 

(Hint: Draw AB and BC. 

Can you find the center of 
the circle?) 

6 . An Inscribed quadrilateral is 
a quadrilateral having all of 
its vertices on a circle. 

Prove the theorem: The 
opposite angles of an 
inscribed quadrilateral 
are supplementary. 

In circle P, let m/ R = 85 , 
mRS = 40, mTV 1 = 90. Find 
the measures of the other 
arcs and angles in the figure. 


7 . 




XY is the common chord of two 
intersecting circles. AJ3 and 
DC are two segments cutting 
the circles as shown in the 
figure and containing X and 
Y respectively. 

Prove: AD |j BC. 

(Hint: See Problem 6.) 

Prove: A diameter perpendic¬ 
ular to a chord of a circle 
bisects both arcs determined 
by the chord. 


In the figure,, ACB is a 
semi-circle and CD J_ AB. 
Prove that CD is the 
geometric mean of AD and 
BD. 


Prove the following converse 
of Corollary 13-7-1: If an 
angle inscribed in a circular 
arc Is a right angle, then 
the arc is a semi-circle. 


*12. If a pair of opposite angles 
of a quadrilateral are 
supplementary, the quadri¬ 
lateral can be inscribed in 
a circle. 

(Hint; Use Problems 5 and 6 
in an indirect proof.) 


*13. In this figure, AB is a 
diameter of the smaller of 
two concentric circles, 
both with center 0, and 
AG and BD are tangent 
to the smaller circle. 

CO and DO are radii of 
the larger circle, 

Prove that CD is a diameter 
of the larger circle. 

(Hint: Draw AD and CB.) 
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Definition : In the aame circle, or In congruent circles, 
two arcs are called congruent If they have the same measure. 

Just as In the definition of congruent segments, angles, 
triangles or circles, the Intuitive Idea Is that one arc can 
be moved so as to coincide with the other. 


Theorem 13-8 . In the same circle or in congruent circles, 
if two chords are congruent, then so also are the corresponding 
minor arcs, 



Proof: We need to show, in the above figure, that if 
AB = A'B 1 , then AB 1 a . By the S.S.S. Theorem, we have 

A APB a A A'B'P'. 

Therefore , / P a [ P' • Since mO = v\/_ P and mA^ = m^ P' , 
this means that ® a aTb 1 , which was to be proved. 

The converse is also true, and the proof Is very similar: 

Theorem 13-9 - In the same circle or in congruent circles, 

If two arcs are congruent, then so are the corresponding chords. 

That Is, in the figure above, if ® , then AB = A'B' . 

And if it Is the major arcs that are known to be congruent, then 
the same conclusion holds. 


[sec. 13-4] 
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Theorem 13-10 . Given an angle with vertex on the circle 
formed by a secant ray and a tangent ray. The measure of the 
angle is half the measure of the intercepted arc. 



Proof: By the angle formed by a secant ray and tangent ray 
we mean the angle as illustrated in the figure above. We prove 
the theorem for the case in which the angle is acute, as in the 

figure. We use the notation of the' figure for the measures of 

the various angles. In A PQR, [_ R and [_ Q have the same 

measure y, as indicated, because A PQR is isosceles. Since 

mQR = m/ QPR, what we need to prove is that x = -^z. 

By Corollary 13-2-1, j_ PQS is a right angle. Therefore 

x = 90 - y. 

By Theorem 9-13, z + y + y = 180, so that 

z = 180 - 2y, 

Therefore x = ?jz, which was to be proved. 
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Problem Set 13-4b 


1. Prove Theorem 13-9: In the same circle or In congruent 
circles, if two arcs are congruent, then so are the 
sponding chords. 


corre- 


In the figure AF = BH. 
Prove: a . AH = “FB . 

b . A AMH = A BMF. 



3. 


4. 


ABCD is an inscribed square 
E is any point of as 

shown In this figure. 

Prove that AE and BE 
trisect / DEC. 


In the figure, A, B, C, D 
are on the circle and EF 
is tangent to the circle at 
A. Complete the following 
statements: 

a. [_ BDC a _. 

b. / ADC 3 _. 

c. / ACB s _ = _ 

d. EAD is supplementary 

e. /_ DAB is supplementary 

f. /_ ABC is supplementary 




to 

to 

to 
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5. 


g. i DAE s_ a __. 

h. [_ DBA is supplementary to 

i. ADB is supplementary to 


j. [_ DAC = 


<-> <—> 

In the figure CP and AQ, 

are tangents, PQ is a 

diameter of the circle. If 

m£B =120 and the radius 

of the circle Is 3, find 

the length of AP. 



*6. Two circles are tangent, either internally or externally, at 
a point H. Let u he any line through H meeting the 
circles again at M and N. Prove that the tangents at 
M and N are parallel. 



*7- Given*. Tangent PT and 
—► 

secant PR. B is the mid¬ 
point of 'PI?'. 

Prove-, B is equidistant 
from PT and PR. 
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8 . 


Prove the theorem: The 
measure of an angle formed 
by two secants of a circle 
intersecting in the interior 
of a circle is one-half the 
sum of the measures of the 
arcs intercepted by the angle 
and its vertical angle. 

Given: A circle with 

-f ft, ^ 

secants AB and CD 
intersecting at E. 

Prove: m/_ DEB = + mAC') . 

(Hint: Draw BC.) 

Prove the theorem: The 
measure of an angle formed 
by two secants of a circle 
meeting in the exterior of 
the circle is one-half the 
difference of the measures 
of the Intercepted arcs. 

(Hint: See Problem 8.) 



10 . 


11 . 


Verify that the theorem of Problem 9 holds if the words "two 
secants" are replaced by "a secant and a tangent" or by "two 
tangents." 


In the figure, let mA§ = 70, 
mA§ = 80 , mEi) = 150 , and 
m/ BFC = 55. 

Find mB<3, mcB, m/_ K, 
m/ E, m/_ BAD, m/ AGE, 
m/ DGE, m/ ADK. 
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12 . 


In the figure, EF -is tangent 
to the circle at D and AC 
bisects j BCD. If mAB = 88 
and mcB = 62 , find the 
measure of each arc and each 
angle of the figure. 


F 



13. 


14. 


Given Inscribed quadrilateral 
ABCD with diagonals inter¬ 
secting at P. 

Prove: a. A APD * A BPC. 

b. AP • PC = PD • PB. 


^^ 

Given AD 


tangent to the 


circle at A and secant 
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#15- In the figure, quadrilateral ABCD is inscribed in the 

^^ < — > <—> 

circle; lines AD and BC intersect in P, lines AB and 

DC intersect in Q; PV and are the bisectors of 

/ APB and / AQD respectively. 

Prove: PV _[_ QS. p 



(Hint: Show m/ PRQ = m/ QRV. Use theorems developed In 
this Problem Set.) 

*16. Prove the theorem: If two parallel lines intersect a circle, 
they intercept congruent arcs. 



Case I 

(One tangent - 
one secant) 




Case III 
(Two tangents) 
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13-5- Lengths of Tangent and Secant Segments , 

Definition ; If the line is tangent to a circle at R, 

then the segment QR is a tangent segment from Q to the circle 



Theorem 13-11 . The two tangent segments to a circle from an 
external point are congruent, and form congruent angles with the 
line joining the external point to the center of the circle. 

Restatement; If QR is tangent to the circle C at R; 
and QS Is tangent to G at S, then QR * QS, and 
/ PQR = [_ PQS. 



Proof: By Corollary 13-2-1, A PQR and A PQS are right 
triangles, with right angles at R and S. Obviously PQ = PQ 
and PR = PS because R and S are points of the circle. By 
the Hypotenuse-Leg Theorem (Theorem 7-3), this means that 

A PQR = A PQS. 

Therefore ■ QR a QS, and / PQR = [_ PQS, which was to be proved. 
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The statement of the following theorem is easier to under¬ 
stand if we look at a figure first: 



The theorem says that given any two secant lines through Q, as 
in the figure, we have 

QR • QS = QU • QT. 

Theorem 13-12 . Given a circle G and an external point Q, 
let he a secant line through Q, intersecting C in points 

R and S; and let he another secant line through Q, 

intersecting C in points T and U. Then QR ■ QS = QU -QT. 

Proof: Consider the triangles A SQU and A TQR. These 

triangles have [_ Q in common. And /_ S = [_ T, as indicated 
in the figure, because both of these angles are inscribed in the 
major arc 6u. By the A.A. Corollary (Corollary 12-3-1), this 
means that 

A SQU ~ A TQR. 

Therefore corresponding sides are proportional. Hence 

QS _ QU 

W ~ 'GK’ 

and 

QR • QS = QU • QT, 


which was to be proved. 
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Notice that this theorem means that the product QR ■ QS is 
determined merely by the given circle and the given external 
point, and is independent of the choice of the secant line. 

(The theorem tells us that any other secant line gives the same 
product.) This constant product is called the power of the point 
with respect to the circle. 

The following theorem is going to say that in the figure 
below, QR • QS = QT 2 . 



Theorem 13-13 . Given a tangent segment QT to a circle, 
and a secant line through Q, intersecting the circle in points 
R and S. Then 

QR • QS = QT 2 . 

The main steps in the proof are as follows. You should find 
the reasons in each case. 

(1) m/ S = - nirft. 

(5) m/ RTQ = ^ m®. 

(3) / S a [_ RTQ. 

(4) A QRT ~ A QTS. 

QR _ QT 

(6) QR ■ QS = QT 2 . 
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The following theorem is a further variation on the preceding 
two; the difference is that now we are going to draw two lines 
through a point in the interior of the circle. The theorem says 
that in the figure below, we always have 

OR * 03 = QU- QT. 



The main steps in the proof are as follows: You should find the 
reason in each case: 

(1) /S3/T, 

(2) l SQU = [_ TQR. 

(3) A SQU ~ A TQR. 

m 03 _ QU 

(4) <St"Sr- 

(5) OR * QS = QU * QT. 

For purposes of reference, let us call this Theorem 13-14 . 
Write a complete statement of the theorem. That is, write a 
statement that can stand alone, without a figure. 
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Problem Set 13-5 


1. 


AC, CE 
tangent 
B, D, 


<-^ 

and EH are 
to circle 0 at 
and F respectively. 


Prove: CB + EF = CE. 



^^ ^ 

2. Secants CA and CE 

intersect the circle at 
A, B, and D, E, as 
given in this figure. 

If the lengths of the 
segments are as shown, 
find x. 



3. In this figure AB is 
tangent to the circle at 
A and secant BW inter¬ 
sects the circle at K 
and W. If AB = 6 and 
>IK = 5> how long is BK? 
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5- 


6 . 


7. 


8 . 


Given a circle with inter¬ 
secting chords as shown and 
with x < w, if AB = 19, 
find x and w. 


AB and BC are tangent to 
circle 0 at A and C, 
respectively, and m/ ABC = 120. 
Prove that AB + BC = OB. 



Given: The sides of quadri¬ 
lateral CDRS are tangent 
to a circle at L, M, N, 

P as in the figure. 

Prove: SR + CD = SC + RD. 


In a circle a chord of length 



center of the circle. Using Theorem 13-14, find the radius 


of the circle. 

Secants and segments are 
as indicated. Find the 
length of AB. 
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9. 


In the figure, CD is a 
tangent segment to the circle 
at D and AC* is a segment 
of a secant which contains 
the center of the circle. 

If CD = 12 and CB = 4, 
find the radius of the circle. 



10 . 


11 , 


12 , 


If two tangent segments to a circle form an equilateral tri¬ 
angle with the chord having the points of tangency as ita 
end-points, find the measure of each arc of the chord. 

Show that it is not possible 
for the lengths of the segments 
of two intersecting chords to 
be four consecutive integers. 


Prove that if two circles 
intersect, the common 
secant bisects either 
common tangent segment. 



13. If a common tangent of two circles meets the line of centers 
at a point between the centers it is called a common Internal 


tangent . If it does not meet the line of centers at a point 
between the centers it is called, a common external tangent . 
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In the figure ab is a common internal tangent and CD Is 
a common external tangent. 

a. In the figure above, how many common tangents are 
possible? Specify how many of each kind. 

b. If the circles were externally tangent, how many tangents 
of each kind? 

c. If the circles were intersecting at two points. 

d. If the circles were Internally tangent? 

e. If the circles were concentric? 

*14. Prove: The common internal 
tangents of two circles 
meet the line of centers 
at the same point. 

(Hint: Use an indirect 
proof.) 



*15. Prove that the common tangent segments of common internal 
tangents are congruent. Use figure of Problem 14. 
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16. The radii of two circles 
have lengths 22 and 8 
respectively and the 
distance between their 
centers is 50■ Find the 
length of the common 
external tangent segment. 
(Hint: Draw a perpendicu¬ 
lar through Q. to AP.) 



17. 


18. 


Two circles have a common external tangent segment 36 
inches long. Their radii are 6 inches and 21- Inches 
respectively. Find the distance between their centers. 


The distance between the 
centers of two circles 
having radii of 7 and 9 
is 20. Find the length 
of the common internal 
tangent segment. 



*19- Standing on the bridge of 
a large ship on the ocean, 
the captain asked a new 
young officer to determine 
the distance to the horizon. 

The young officer took a 
pencil and paper and in a * 

few moments came up with an 

answer. On the paper he had written the formula d = -^\/h 
miles. Show that this formula is correct approximately 
where h is the height in feet of the observer above the 
water and d is the distance in miles to the horizon. 
(Assume the diameter of the earth to be 8000 miles.) 





Review Problems 


1 . 


2 . 


For 

circle 

0, 


a . 

BC 

is 

a 

. 

b. 

AD 

is 

a 

a 

c. 

< —» 
AG 

is 

a 


d. 

oaT 

is 

a 

t 

e. 

4 — > 

AX 

is 

a 

a 

f 


is 

a 


g. 

AD(} 

is 

a 


h. 

L BCA 

is 

an 

i. 

/ COD 

is 

a 

Given: 

In 

the 

figure, 

circle 

0 

has 

diameter 

AB. 

AF | 

OH, 

m/ A = ! 

Find mBl} 

and 

mO\ 




3. Given: AB is a diameter 
of circle C. XY bisects 
AXB. 

Prove: CY J_ AB. 

(Hint: Find m/AXY.) 
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Indicate whether each of the following statements is true 
or false. 


4. 


a. If a point is the mid-point of two chords of a circle, 
then the point is the center of the circle. 

b. If the measure of one arc of a circle is twice the 
measure of a second arc, then the chord of the second 
arc is less than twice as long as the chord of the first 
arc. 

c . A line which bisects two chords of a circle is 
perpendicular to each of the chords. 

d. If the vertices of a quadrilateral are on a circle, 
then each two of Its opposite angles are supplementary. 

e. If each of two circles is tangent to a third circle, 
then the two circles are tangent to each other. 


f. A circle cannot contain three collinear points. 

g. If a line bisects a chord of a circle, then It bisects 
the minor arc of that chord. 

h. If PR Is a diameter of circle 0 and Q is any 
point In the interior of circle 0 not on PR, then 
l_ PQR Is obtuse . 

I. A tangent to a circle at the mid-point of an arc is 
parallel to the chord of that arc. 


j. It Is possible for two tangents to the same circle to 
be perpendicular to each other. 


5. Given: In the figure BX 
Is tangent to circle 0 
at B. AB = AC. mcl = 100. 
Find m/ C and m/_ ABX. 



X 
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6. Given: Circle C with 
EC J^^pcf, mf || ”PQ J and 
HR tangent to circle C 
at H. 

Prove: mHE = m/_ RHN. 

(Note: The circle may¬ 
be considered to represent 
the earth, with the 

earth's axis, /_ RHN the 
angle of elevation of the 
North Star, and mHE! the 
latitude of a point H.) 



7. A hole 40 inches in diameter is cut in a sheet of plywood, 
and a sphere 50 inches in diameter is set in this hole. 
How far below the surface of the board will the globe sink? 


8. A wheel is broken so that only a portion of the rim remains. 
In order to find the diameter of the wheel the following 
measurements are made: three points C, A, and B are 
taken on the rim so that chord AB = chord AC. The chords 
AB and AC are each 15 inches long, and the chord BC 
is 24 inches long. Find the diameter of the wheel. 


9. Diameter AD of circle C contains a point B which lies 
between A and C. Prove that BA is the shortest segment 
joining B to the circle and BD is the longest. 


*10. Assume that the earth is a 
sphere of radius 4,000 
miles. A straight tunnel 
AB 200 miles long connects 
two points A and B on 
the surface, and a ventilation 
shaft CD is constructed at' 
the center of the tunnel. 

What is the length (in miles) 
of this shaft? 


C 
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Given: Circles 


and D 


internally tangent at P 
with common tangent A?. 

n is tangent to circle C 

< “ > 

at X and AY is tangent 
to circle D at Y. 

Prove: AY = AX. 



*12. ( In the figure, AlT is 

tangent to the circle at 
A. AP = PX = XY. If 
PQ = 1 and QZ = 8 
find AX. 


*13, Given: A§, ^ and 

are 120° arcs on a circle 
and P is a point on 

Prove: PA + PB = PC. 

(Hint: Consider a parallel 
to PB through A Inter¬ 
secting PC In R and the 
circle in Q.) 



Chapter 14- 

CHARACTERIZATION OP SETS. CONSTRUCTIONS. 

14-1. Characterization of Sets . 

In Chapter 6 we showed how a certain figure, the perpendicu¬ 
lar bisector of a segment, could be specified in terms of a 
characteristic property of its points, namely, that each of them 
is equidistant from the end-points of the segment. 

In Chapter 13 a circle (and a sphere) was defined in terms 
of a characteristic property of its points, namely, that each of 
them is at a given distance from the center. 

Such characterizations or descriptions of a point set 
(geometric figure) in terms of a common property of its points 
are often very useful, and we shall spend some time discussing 
them. 

What do we mean when we say that a set is characterized by 
a condition, or a set of conditions, Imposed on Its points? In 
the first place, we certainly mean that every point of the set 
satisfies the conditions. But this Is not enough, as we can 
readily see from an example. Suppose the condition is "in plane 
E at distance 4 from point Q in E". A semi-circle in E 
with center Q and radius 4 has all Its points satisfying 
this condition. So does any other suitable arc. 


Every point in AB is 4 
units distant from Q, but 
not every point 4 units 
distant from Q Is in AB. 
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The obvious trouble with such examples is that they leave 
out some points that satisfy the conditions. We want the whole 
circle, not just a part of it. In general, we want our set to 
contain all points that satisfy the conditions. Another way of 
saying this is that every point that satisfies the conditions is 
a point of the set. This is the second part of the meaning of 
characterization. 

Let us put the two parts together for future reference: 

(1) Every point of the set satisfies the conditions, 

(2) Every point which satisfies the conditions Is a point 
of the set. 

If you refer to Theorem 6-2, you will see that the restate¬ 
ment of this theorem is worded in exactly this form. 


Problem Set 14-1 


These problems are proposed for discussion. No proofs are 
expected. In some of the problems in this set we speak of the 
distance from a point to a figure. This is defined as the 
shortest distance from the point to any point of the figure. 

Illustrative example: Describe and sketch the set of points 
which are one inch from a given line. 

a. In a plane. 

b. In space. 


Answer: 
a. 


b. 


The set consists of !in 

two lines, each one * 
inch from the given 

line and parallel to 4 -*-> 

it. 

The set consists of 
all points of a cylin¬ 
drical surface with 
one inch radius and 
the given line as axis. 



+ 


tin 


Given line 
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1. What set of points P is characterized by the condition 
that GP = 3 inches, where C is a given point? 

2. What set of points P in a given plane E is characterized 
by the condition that CP = 3 inches, where C is a given 
point of E? 

3. Describe and sketch the set of points in a plane E which 
are equidistant from each of two parallel lines in E. 

4. E is a plane and C is a fixed point 3 inches from the 
plane. What is the set of points in E whose distance from 
C is 

a. 5 inches? c. 2 inches? 

b. 3 inches? 

5. E is a plane. L and M are two intersecting lines in E. 

a. How many points of E are 2 inches from L and 2 
inches from M? 

b. Sketch the set of points of E whose distances from 

L and M are each at most one inch. 

6. E is a plane. A and B are two points in E which are 

4 feet apart. What is the set of points of E which are 


a. 

4 feet 

from A 

and 

4 feet 

from 

B? 

b. 

At most 

4 feet 

from 

A and 

at most 4 feet from B? 

c. 

2 feet 

from A 

and 

2 feet 

from 

B? 

d. 

1 foot 

from A 

and 

1 foot 

from 

B? 


7. AB is a segment of length 3 inches in a plane E. 

Describe and sketch the set of those points of E which are 
one inch from AB. 
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14-2. Basic Characterizations . Concurrence Theorems . 

For convenience In reference we restate here some of the 
characterizations we have already met. Some of these are 
definitions and some are theorems. 

1. A sphere is the set of points at a given distance from 
a given point. 

2. A circle is the set of points in a given plane at a 
given distance from a given point of the plane. 

3. The perpendicular bisecting plane of a given segment 
is the set of points equidistant from the end-points 
of the segment. 

4. The perpendicular bisector, in a given plane, of a 
given segment in the plane, is. the set of points in 

the plane equidistant from the end-points of the segmeht. 

Problem Set l4-2a 

1. Describe the set of points at a given distance from 

a. a given point. 

*■ 

b. a given line. 

c. a given plane. 

d. each of two intersecting planes. 

e. each of two given points. 

f. a segment. 

2. Describe the set of points in'a plane equidistant from 

a. two points. 

b. two parallel lines. 


c. two intersecting lines. 

d. three non-collinear points. 
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3. Describe the set of points equidistant from 

a. two given points. 

b. two parallel lines. 

c. two parallel planes. 

d. two intersecting planes. 

e. a plane and a line perpendicular to it. 

4. Indicate whether each statement is true or false. 


a. Given a line u and a plane E there is always a plane 

1. containing u and perpendicular to E. 

2. containing u and parallel to E. 

b. Given two non-intersecting lines in space, there is 
always a plane containing one and 

1. parallel to the other. 

2. perpendicular to the other. 


5. The Smiths, the Allens and S 

the Browns live in homes ® 

represented by these three 

points. They plan to erect g 

a flagpole at a point which 

will be equidistant from 

their back doors. Tell how • 

A 

to find the point where 
they should place the pole. 

6. Describe the set which consists of the vertices of all 
isosceles triangles having AB as base. 
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7- Find a point in the plane equally distant from three non- 
colllnear points. Why must the points be non-collinear? 

8 . What is the set of points which are equidistant from two 
given points and at the same time equidistant from two 
given parallel planes? (Hint: Consider the intersection 
of the set of points representing the separate conditions. 
There may be more than one solution depending on the positions 
of the given elements.) 

*9- What is the set of points in a plane which are within four 
centimeters of one o£ the other of two points in a plane 
which are four centimeters apart? 

10. Let L and M be any two intersecting lines. Choose any 
two coordinate systems on these lines (not necessarily with 
0 at the point of intersection) . Draw a number of lines 
through corresponding points; that is, points with the same 
coordinates. For example, see Figure A. 

If you put in enough lines, the figure should appear to 
include a nearly smooth curve. Experiment with this con¬ 
struction, trying different pairs of lines and different 
coordinate systems. 

The construction is quite general, but some choices of co¬ 
ordinate systems on the two lines will lead to more satis¬ 
fying results on your paper than others. 
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11. What Is the set of points In a plane at a given distance 

from a square of side 2 In the plane? Consider the three 
cases d > 1, d = 1, d < 1. 

*12. F and G are two points in a plane E. FG = 4. Sketch 
the set of those points P of E, such that PF + PG = 5* 


Another characterization you can include in the above list 
is the following theorem: 

Theorem 14-1 . The bisector of an angle, minus its end-point, 
is the set of points in the interior of the angle equidistant from 
the sides of the angle. 

Restatement: Let AD bisect BAC. 

(1) If P is on AD but P / A, then P is in the 

interior of / BAC and the distance from P to 

^^ ^ 

AB equals the distance from P to AC. 

(2) If P Is in the interior of / BAC and the 

distance from P to AB equals the distance 
from P to n then P lies on A$ and 

P / A. 
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(l) Given: P is on AD, P / A, PM _[_ AB, PN J_ AC. 

To prove: P is in the interior of / BAC; PM = PN. 


1 . 

P is in the interior 
of /BAC. 

1 . 

1 

P is on AD, P / A, and 
definition of Bisector of 
an angle. 

2 . 

AP 3 AF. 

2 . 

Segment is congruent to 
itself. 

3. 

/ PAM S / PAN. 

3. 

Definition of bisector. 

4. 

/ PMA S / PNA. 

4. 

Right angles are congruent 

5. 

A PMA » A PNA. 

5- 

S.A.A. Theorem. 

6 . 

PM = PN. 

6 . 

Corresponding parts. 



To prove: P / A; F lies on AD. 


1 . 

P / A. 

1 . 

Definition of interior of 
an angle. 

2 . 

PM ® PN. 

2 . 

Definition of congruent 
segments. 

3. 

PA » PA. 

3. 

Segment is congruent to 
itself. 

4. 

/ PMA and / PNA are 
right angles. 

4. 

Given. 

5. 

A- PMA a A PNA. 

5- 

Hypotenuse-Leg Theorem. 

6. 

/ PAM a / pan. 

P lies on AJ?. 

6 . 

Corresponding parts. 

7. 

7. 

Definition of bisector of 
an angle. 
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As a first application of set characterization we will prove 
three concurrence theorems analogous to Theorem 9-27 on con¬ 
currence of medians. 

Theorem 14-2 . The perpendicular bisectors of the sides of a 
triangle are concurrent in a point equidistant from the three 
vertices of the triangle. 



Proof: Let Lg and L 3 be the perpendicular bisectors 

of the three sides AB, 
parallel then “Vb and 

and Lg intersect in a point P. 


By Theorem 6-2, AP = BP, because P is on L^. And AP = CP, 
because P is on Lg. Therefore BP = CP, By Theorem 6-2, 
this means that P is on Lg• Therefore P is on all three of 
the perpendicular bisectors and AP = BP = CP, which was to be 
proved. 



AC and BC. If L, and 1 r 


were 


W would be parallel. (Why?) Therefore, 
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Corollary 14-2-1 . There is one and only one circle through 
three non-collinear points. 

Corollary 14-2-2 . Two distinct circles can intersect in at 
most two points. 

Suggestion for proof: If two circles could intersect in 
three points, the three points could be either collinear or non- 
collinear. Use Theorem 13-2 and Corollary 14-2-1 to show that 
this is impossible in each case. 

Theorem 14-3 . The three altitudes of a triangle are con¬ 
current. 

Up to now, we have been using the word altitude mainly in 
two senses: It means (l) the perpendicular segment from a vertex 
of a triangle to the line containing the opposite side or (2) the 
length of this perpendicular segment. In Theorem 14-3, we are 
using the word altitude in a third sense: It means the line that 
contains the perpendicular segment. 

Theorem 14-3 is easy to prove - if you go about it in exactly 
the right way. 
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Given A ABC, we draw through each vertex a line parallel to the 
opposite side. These three lines determine a triangle A DEF. 
Opposite sides of a parallelogram are congruent. Therefore 
BC = AE and BC = DA. Therefore DA - AE. Therefore the altitude 
from A, in A ABC, is the perpendicular bisector of DE. (This 
is L-^ in the figure.) For the same reasons, the other two 
altitudes of A ABC are the perpendicular bisectors of the sides 
of A DEF. Since the perpendicular bisectors are concurrent, so 
also are the three altitudes. 

Theorem 14-4 . The angle bisectors of a triangle are con¬ 
current in a point equidistant from the three sides. 


B 



Proof: Let P be the intersection of the bisectors A]? 

—> <— > <—> 

and BE. By Theorem 14-1, P is equidistant from AB and AC, 

because P is on the bisector of /A. And P is equidistant 

from BA and BC, because P is on the bisector of /_ B. 

Therefore P is equidistant from AC and BC. Therefore, by 

Theorem 14-1, P is on the bisector of /_ C. Therefore, the 

three bisectors have the point P in common and P is equidistant 
^ ^^ ^ 

from AB, AC and BC, which was to be proved. 


[sec. 14-2] 
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Problem Set 14-2b 


1 . 


2 . 


A line intersects the sides of / ABC In p and Q. Find 
a point of PQ which is equally distant from the sides of 
the angle. 


Imagine this figure as a 
city park. The park 
commission plans to place 
a drinking fountain at a 
point which shall be 
equidistant from AB and 
BO and also equidistant 
from D and C. Explain 
how to find this point. 



3. Prove the following theorem: 
Given (_ DAE and B, C 
points on AD, AE, between 
A and D and A and E 
respectively, then the 
bisectors of the angles 
BAG, DBC, BCE, are 
concurrent. A 



4. Given the three lines determined by the sides of a triangle, 
show that there are exactly four points each of which is 
equidistant from all three lines. 
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5 . Mark points M and N 2 inches apart and draw circles with 
radii ■£ inch, 1 inch, 2 inches and 3 inches using 
both M and N as centers each time. 

Note that some of the circles with oenter at M intersect 
circles with center at N, but that there are two kinds of 
situations in which they do not. Describe these two 
situations. 

6. Sketch several different quadrilaterals, and in each sketch 
the bisectors of each of the four angles. Prom your sketches 
does it appear that these angle bisectors are always con¬ 
current? Gan you think of any special type of quadrilateral 
whose angle bisectors are concurrent? Can you think of a 
general way of describing those quadrilaterals whose angle 
bisectors are concurrent? (Hint: If the angle bisectors 
are concurrent, the point of concurrency Is equidistant from 
all four sides.) 

7. A quadrilateral is cyclic If its four vertices lie on a 
circle. Prove that the perpendicular bisectors of the four 
sides and the two diagonals of a cyclic quadrilateral are 
concurrent. 

8. What is the set of points which are the vertices of right 
triangles having a given segment AB as hypotenuse? 


14-3. Intersection of Sets . 

Consider the following problem: In a given plane E how 
many points are there which are at a given distance r from a 
given point A of E and which are also equidistant from two 
given points B and C of E? 

Such a point P Is required to satisfy two conditions; 

(1) AP = r, (2) BP = CP. 

Consider these conditions one at a time. If P satisfies (l) 
then P can be anywhere on the circle with center A and radius 
r. In other words, the set of points satisfying (l) Is this circle. 


[sec. 14-3] 
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Similarly, by Theorem 6-2, the set of points satisfying (2) is a 
line, the perpendicular bisector of BC. If P is to satisfy 
both conditions it must lie on both sets; that is, P must be a 
point of the intersection of the two sets. Since the intersection 
of a line and a circle can be two points, one point, or no points, 
the answer to our problem is two, one, or none, depending on the 
relative positions of A, B and C and the value of r. The 
method illustrated here is a very useful one, since it enables us 
to consider a complicated problem a piece at a time and then put 
the pieces together as a final step. If you refer to the proofs 
of Theorems 14-2 and 14-4 you will see that this was the basic 
method of the proof. In Theorem 14-2, for example, we found the 
point P as the intersection of the set defined by PA = PB 

and the set L 2 defined by PA = PC. 

Most of the constructions which are to be discussed in the 
next sections are based on the method of intersection of sets. 


Problem Set 14-3 


1. AB is a segment 6 inches long in a plane E. Describe 
the location of points P In E, 4 inches from A, and 
5 inches from B. 


2 . 


*3. 


AB is a segment 4 Inches long In a plane E. C and D 
are points of E such that D is on AB, CD J_ AB and 
CD Is 3 inches long. Describe the set of points P which 
are equidistant from A and B, and 5 Inches from C. 


On a circular lake there are 
three docks. A, B, C. 

Draw a diagram indicating 
those points on the lake 
which are closer to A 
than to B or C, 
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4. Are there any points in a plane that satisfy the following 
conditions? If there are, tell how many such points and how- 
each is determined. Make a sketch to illustrate your answer. 


Given 

BO - 6 

inches 

• 






a. 

4 

inches 

from 

B 

and 

3 

inches 

from 

C. 

b. 

10 

inches 

from 

B 

and 

10 

inches 

from 

C 

c. 

10 

inches 

from 

B 

and 

equidistant 

from 

c 

d. 

2 

inches 

from 

B 

and 

4 

inches 

from 

c. 


14-4. Constructions with Straight-edge and Compass . 

A practical problem of some importance is that of drawing a 
figure with accuracy. This is the job of a draftsman, and he uses 
many instruments to facilitate his work, such as rulers, compasses, 
dividers, triangles, T-squares, and a host of other devices. 

The corresponding geometric process is generally called 
"constructing" rather than "drawing", but the idea is the same. 

We allow ourselves the use of certain instruments, and the basic 
problem is to show how, with these instruments, we can construct 
various figures. 

Of course our constructions will depend on the instruments 
we use. Thus far in our text we have been considering the ruler 
and the protractor as our fundamental instruments, although we 
would have had to introduce a compass in Chapter 13 to construct 
circles. Various other combinations of instruments have been 
considered, but the most interesting is still the combination 
used by the ancient Greeks, the straight-edge and compass. We 
shall devote the rest of this chapter to constructions with these 
instruments, 

A straight-edge is simply a device to draw lines. It has no 
marks on its edge and so we cannot measure distances with it. 

With a compass we can draw a circle with a given center and a 
given radius. We have no means of measuring angles. 
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Most of our constructions will depend on the intersection 
properties of two lines, of a line and a circle, or of two circles. 
The first of these three cases has been considered in such places 
as Theorem 3-1, the Plane Separation Postulate and the Parallel 
Postulate, The case of a line and circle was taken care of by 
Theorem 13-2. But we still have the case of two circles to 
consider. As might be expected this is the most complicated of 
the lot, both to state and to prove. In fact, the proof is so 
complicated that we do not give it here at all, but put it in 
Appendix IX. Here is the theorem: 

Theorem 14-5 . (The Two Circle Theorem.) If two circles have 
radii a and b, and if c is the distance between their centers, 
then the circles intersect in two points, one on each side of the 
line of centers, provided each one of a, b, c is less than 
the sum of the other two. 

Some of the situations, in which the inequalities stated in 
the theorem are all satisfied and the circles intersect are 
illustrated below: 
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That the inequality condition imposed on a, b, c is important 
is shown by these cases in which one of the inequalities stated 
in the'theorem is not satisfied and the circles do not intersect: 



c > a + b 


b > a + c 



a > b + c, 


14-5* Elementary Constructions . 

In this section we show how to do various simple constructions 
which will be needed as steps in the more difficult ones. All 
these constructions will be in a given plane. Constructions will 
be numbered In the same way as theorems. 

Construction l4-6 . To copy a given triangle. 

Suppose we have given A ABC. We want to construct a tri¬ 
angle A DEF, congruent to A ABC, with the side DF lying on 
a given ray with D as end-point. 
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Step 1. With the compass, construct a circle with center at 
D and radius AC. This intersects the given ray in a point F, 
and DF = AC. In the figure, we show only a short arc of the 
circle. 


\ 

\ 

\ 



/ 

/ 

/ 


Step 2. With the compass, construct a circle with center 
at D and radius AB. 

Step 3. Construct a circle with center at F and radius 

BC. 



Fsec. 14-Bl 
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These two circles seem to intersect; and by the Two Circle 
Theorem they must intersect, because each of the numbers AC, AB, 
and BC is less than the sum of the other two, by Theorem 7-7* 

Either of the points E, E' will do as the third vertex of 
our triangle. We draw the sides with our straight-edge, and we 
know by the S.S.S. Theorem that A DEF = A ABC. 

You may remember that in proving the S.S.S. Theorem we had 
the problem of copying a triangle. It is worth while to review 
the old method and compare it with the new one. (In the proof 
of the S.S.S. Theorem we copied the triangle with ruler and 
protractor, using the S.A.S. Postulate to verify that the con¬ 
struction really worked.) 

Construction 14-7 . To copy a given angle. 




Here we have given an angle with vertex at A, and we have 
given a ray with end-point at D. We want to construct the two 
angles, having the given ray as a side, congruent to the given 
angle. 

With A as center, we construct an arc of a circle Inter¬ 
secting the sides of the angle in points B and C. With D as 
center construct a sufficiently large arc of a circle of the same 
radius, Intersecting the given ray in F. With F as center and 
BC as radius construct arcs of a circle, intersecting the circle 
with center D in E and E' . Construct ray DE and ray DE' . 
By S.S.S. Theorem A DEF = A ABC, and hence [_ EDF = / BAC. 
Similarly, / E'DF S /_ BAC. 
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Problem Set l4-5a 

1. For your convenience, we give AB 9 cm. long. 

A 1 -1-l-1-1-1_I_i ' j g 

Construct a triangle with sides of the following lengths: 


a. 

5 

cm., 

6 

cm. , 

8 

cm. 

b. 

7 

cm., 

5 

cm., 

3 

cm. 

c. 

3 

cm., 

3 

cm., 

3 

cm. 

d. 

4 

cm., 

7 

cm., 

3 

cm. 


2. Make a triangle ABC on your paper and construct AaB'C 
congruent to A ABC using AC as a side in each and the 
A.S.A. Theorem as your method. 

3. Draw on your paper a triangle ABC and a segment MH about 
twice as long as AB. With M as vertex construct 

/_ HMQ » [_ A. With H as vertex construct /_ QHM ss /_ B. 

/ q a AB _ 

L * -• MH - -• 

4. a. Prove that it is always possible to construct an 

equilateral triangle having a given segment as one of 
its sides. 

b. Under what conditions is it possible to construct an 

isosceles triangle having one given segment as its side 
and another given segment as its base? 

5. a. Construct an equilateral 

triangle with x as the x 

length of one side. * * 

b. Construct an isosceles y 

triangle with y as 
the length of the base 
and x as the length 
of one of the congruent sides. 
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Construction 14-8 . To construct the perpendicular bisector 
of a given segment. 

Qiven a segment AB". 



Step 1. Using an appropriate radius r, construct a circle 
with center at A and a circle with center at B. If r is 
chosen in a suitable way, these two circles will Intersect In 
two points P and Q, lying on opposite sides of A?. 

(Question: What condition should r satisfy, to ensure that 
the circles will Intersect in this way? Can you think of a 
particular value of r that is sure to work? Of course, only 
one value of r is needed for the construction.) 

Step 2. Construct the line PQ, intersecting AB at R. 

We need to show that this line is the perpendicular bisector of 
AB. By Theorem 6-2, R and S, being each equidistant from A 
and B lie on the perpendicular bisector of AB. Since two 

4 —> 

points determine a line, PQ is_ the perpendicular bisector. 

Corollary 14-8-1 . To bisect a given segment. 
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C onstruction 14-9 . To construct a perpendicular to a given 
line through a given point. 

P 



Step 1. Given P and L. Let 0, be any point of L. 

Draw a circle with center P and radius r, where r is greater 
than PQ. L then contains a point of the interior of the circle 
(namely, Q) and by Corollary 13-2-6 Intersects the circle in 
two points H and S. 



Step 2. With R as center and radius greater than w RS 
construct a suitable arc of a circle. With S as a center and 
the same radius, construct an arc of a circle intersecting this 
in T. Then, as in Construction 14-8, P and T are each 
equidistant from R and S, and hence, PT _[_ RS. 
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Problem Set l4-5b 


1. Construct an isosceles right triangle. 

2. Construct a square in which 

a diagonal is congruent to !_ 

AC. 


Construct a rhombus whose 



diagonals are congruent 

Ci- 

-ID 

to AB and CD. 




Al- 

-IB 


4. Construct a triangle given 
any altitude h and the 
segments d and e of 
the side it intersects. 


h 



Construct a parallelogram 

Ai-IB 

whose diagonals are con¬ 
gruent to AB and CD c I- 1 D 

and which determine a 60 ° 
angle. 


6. Construct a segment whose length is the geometric mean of 
AB and CD in Problem 5* (Hint: Refer to Problem 10 of 
Problem Set 13-4a.) 
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Construction 14-10 . To construct a parallel to a given line, 
through a given external point. 


P. 


*■ 


, Step 1. Take any point Q of the line, and join p to Q 
by a line. 



Step 2. Now construct [_ QJBS, congruent to / PQR, with 
S and R on opposite aides of ftf. Step 2 is an example of 
Construction 14-7. Then PS is parallel to QR, as desired. 

Construction 14-11 . To divide a segment into a given number 
of congruent segments. 



Til r- 1 
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Given AB, we want to divide AB into n congruent segments. 
(In the figure, we show the case n = 5 .) 

Step 1. Draw any ray starting at A, not on the line ML 
Starting at A, lay off n congruent segments AP-^ P^l> 2 , •••* 

P n _ 2 ,P n > end to end, on the ray. (The length does not matter, 

as long as they have the same length; we simply choose P 1 at 

random, and then use the compass to lay off P-Pp £ A.p , and so 
on.) 


Step 2. Join P n to B by a line. Through the other 
points P^, Pp, ..., P n _ ^ construct lines parallel to "p^B. 
(This can be done; it is Construction 14-10.) 


These 

lines 

intersect AB in 

points 

Q r 

Q.g, 

•••’ Si - r 

The points 

Q-! > 

Q 2 ’ * * *» Si - 1 

divide 

AB 

into 

n congruent 

segments. 

(See 

Corollary 9-26-1.) 






Problem Set l4-5c 


1 . 


Construct a parallelogram 
with two sides and included 
angle congruent to AB, PH, 
and Q. 


A v 


F I- 


H H 



> 


1 B 


[sec, 14-51 
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2. This drawing shows how Boh 
Langford used a sheet of 
ruled paper to divide a 
segment AO in 9 parts 
of eqijLal length. Explain 
how he could have divided 
it into other numbers of 
congruent parts. (Assume 
that the lines of paper 
are evenly spaced.) 



3. This figure illustrates 

still another method for 

dividing a segment into 

any number of congruent 
<—> 

parts. Here AC is any 

convenient line, and 

<—> 

BD is drawn parallel to 

<—> 

AC. The same number of 
congruent segments is 
marked off on each, and 
the corresponding points 
are joined. Prove that 
the method is correct. 

4. If the length of AB is 
the perimeter of an 
equilateral triangle, 
construct the triangle. 



Al-—-IB 
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5 . Given AB, construct an 
Isosceles triangle In which 
AB is the perimeter and 
in which the length of 
one of the congruent 
sides is twice the length 
of the base. 


6 . 


7. 


* 8 . 


This figure illustrates 
another method of making 
one line parallel to 
another which is useful 
in outdoor work. Explain 
the method and show that 
it is correct. 



Divide a given line segment 
AB into two segments whose 
ratio is that of two given ’ 

segments of lengths a and M 

b. (Hint: Use a construction A \- 
Similar to that of Construction 
14-11.) 


^ B 


Construct a triangle ABC 
given the lengths of AB, 
AC, and the median from 
A to BC. 

Given: Lengths c, b, m. 

To construct: A ABC so 
that AB = c, AC = b, 
median AT = m. 


B 
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*9* Given x as the median to 
one of the congruent sides 
of an isosceles triangle in 
which the medians to these a- 

sides are perpendicular to 
eaoh other. Construct the 
triangle. 

*10. Given a circle C tangent 
to a line m at K. 

Construct a circle tangent 
to C and also tangent to 
m at a given point M. 

(Hint: Analyze the diagram 
below in which P is the 
center of the required 
circle, N the point of 

4 —> 

tangency and LN the 
common tangent at N.) 
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* 11 . Construct a common external tangent to two given circles. 

*12. Given a triangle ABC in which each angle has measure less 

than 120, construct a point P in the plane of the triangle 
such that m/_ APB = m/_ BPC = APC. 

*13. The figure shows how a segment can be bisected using a line 
parallel to it, by means of a straight-edge only. That is, 

M l. ^^ 

given line m || BC, take Q as any point not on BC or m, 
and draw tjjf and tj(f meeting m at A and D. Then draw 
bI) and t?, which meet at P. Then bisects ^BC at 
M. Prove this. 



(Hint: The proof will include these three proportions: 

MB _ ND MB MC j MB _ MC \ 

MC " NA' NA = W an MC ~ M 1 ' 

*14. Given two parallel lines m and n, at a distance d from 
each other, find the set of all points P such that the 
distance from P to m is k times the distance from P 
to n, where k is a given positive number. 


14-6. Inscribed and Circumscribed Circles. 


Definitions : A circle is inscribed in a triangle , or the 
triangle is circumscribed about the circle , if each side of the 
triangle is tangent to the circle. A circle is circumscribed 
about a triangle , or the triangle is inscribed in the circle if 
each vertex of the triangle lies on the circle. 



In this figure A ABC is inscribed in and circumscribed 
about C^. is inscribed in A ABC and C^ is circumscribed 
about A ABC. 

In this section we will learn how to construct with straight¬ 
edge and compass the inscribed circle and the circumscribed 
circle, for any triangle. 
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Construction 14-12 . To circumscribe a circle about a given 
triangle. 



Step 1. Construct the perpendicular bisectors of two sides 
of the triangle. This can be done by two applications of 
Construction 14-8. The two lines meet at a point P. By 
Theorem 14-2, P also lies on the perpendicular bisector of the 
third side. By Theorem 6-2, this means that P is equidistant 
from the three vertices A, B, and C, that is, AP = BP = CP. 
Construct the circle with center at P, passing through A. 

Then the circle also passes through B and C. 

Construction 14-13. To bisect a given angle. 



Step 1. Construct any circle with center at A, intersecting 
the sides of the given angle in points B and C. Then AB = AC. 




Step 2. Construct circles with centers at B and at C, 

and with the same radius r, where r > -jjj BC. By the Two-Circle 

Theorem these circles intersect in two points, one on each side of 
<—^ 

BC. Let P be the point on the side opposite to A. 

Step 3. Construct the ray ~kP, By the S.S.S. Theorem, 

A BAP = A CAP, Therefore [_ BAP K [_ CAP, as desired. 

Construction 14-14 . To inscribe a circle in a given triangle. 


A 



Step 1. Bisect [_ A and /_ B, and let P be the point 
where the bisectors intersect. By Theorem 14-4, P also lies 
on the bisector of j_ C. 

Step 2. Construct a perpendicular PD, from P to BC\ 
Construct a circle with center at P, passing through D. We 
need to show that the circle is tangent to all three sides of 
A ABC. 

(1) The circle is tangent to BC, because BC is per¬ 
pendicular to the radius PD. (See Corollary 13-2-2.) 
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(2) By Theorem 14-1, p is equidistant from AB and BC. 
Therefore the circle contains the point E which is the foot of 
the perpendicular from P to AB. Therefore the circle is 
tangent to AB. 

The proof of tangency for the third side is exactly the same. 

Notice that If all you want is a fairly convincing drawing 
you can merely construct the two bisectors, put the point of the 
compass at P, and then adjust the compass so that Its pencil- 
point will barely reach BC. You have to drop the perpendicular 
PD, however, to get a construction which is theoretically exact. 


14-7. The Impossible Construction Problems of Antiquity . 

The ancient Greeks discovered all of the stralght-edge-and- 
compass constructions that you have studied so far, together with 
a large number of more difficult ones. There were some con¬ 
struction problems, however, which they tried long and hard to 
solve, with no success whatever. 

(l) The angle - trlsectlon problem . 



Given an angle j_ BAC, we want to construct two rays AD 
and AE (with points D and E In the interior of /_ BAG) 
which trisect /_ BAC. That Is, we want / BAD = / DAE = [_ EAC. 
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Nobody has found a way to do this with straight-edge and 
compass. The'first thing that most people try is to take AB = AC, 
draw BC, and then trisect BC with points D and E. 



But this doesn't work; in fact, nothing has been found that 
works. 

(2) The duplication of the cube . A cube of edge a has 
volume a 3 . 

a 



Suppose we have given a segment of length a. We want to con¬ 
struct a segment of length b, such that a cube of edge b has 
exactly twice the volume of a cube of edge a. 

(Algebraically, of course, this means that b 3 = 2a 3 , or — = 

a 

This problem was attacked, over a long period, by the best 
mathematicians In Greece, who were very brilliant men Indeed, but 
none of them had any success with this problem. 
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There is a curious myth in connection with this problem. 

A plague threatened the population of a certain Greek town, 
and the inhabitants consulted the oracle at Delphi to find out 
which god was angry and why. The answer they got from the oracle 
was that Apollo was angry. There was an altar to Apollo, in the 
town, consisting of a cube of solid gold, and Apollo wanted his 
altar to be exactly twice as big. The people went home from 
Delphi and built a new altar, twice as long along an edge as the 
old one. The plague then got worse instead of better. The people 
thought again, and realized that the new altar was eight times as 
big as the old one, that is, it had eight times as much volume. 
This raised the problem of the duplication of the cube, but the 
local mathematicians were unable to solve the problem. Thus the 
first attempt to apply mathematics to public health was a total 
failure. 

(3) Squaring the circle . Suppose we have given a circle. 

We want to construct a square whose area is exactly the same a 
that of the circle. 



A 


ira 


2 


b 


A 


= b 


2 


Algebraically, this means that b = a ,/tT. 
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These three problems occupied many people for more than two 
thousand years , Various attempts were made to solve them with 
straight-edge and compass constructions. Finally it was dis¬ 
covered, in modem times, that all three of these problems are 
impossible. Impossibility in mathematics does not mean the same 
thing as "impossibility" in every day life, and so it calls for 
some explanation. 

Ordinarily, when we say that something is "impossible," we 
mean merely that it is extremely difficult, .or that we don't 
happen to see how it can be done, or that nobody has found a way 
to do it -- so far. Thus people used to say that it was 
"impossible" to build a flying machine, and people didn't stop 
this until the first airplane was built. It is supposed to be 
"impossible" to find a needle in a haystack, and so on. 

Mathematical impossibility is not like this. In mathematics, 
there are some things that really can't be done, and it is 
possible to prove that they can't be done. 

(1) A very simple example is this: No matter how clever 
and persistent you may be, you can't find a whole 
number between 2 and 3, because there Isn't any 
such whole number. 

(2) If the above example seems too trivial to take seriously, 
consider the following situation. We start with the 
integers, positive, negative and 0. We are allowed to 
perform additions, subtractions, multiplications, and 
divisions. A number Is called constructlble If we can 
get to it, starting from the integers, by a finite 
number of such steps. For example, the following number 
is constructlble : 

i ‘ $ , 7 + | 

To get to it requires 15 steps. 
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Now suppose that the problem before us is to construct the 
number sfT. This problem is impossible of solution just as the 
old Greek problems are. The point is, the numbers that can be 
constructed according to the rules that we have agreed to are all 
rational numbers. And 3 y? just isn't this kind of a number. 

There is no use in hunting for it among the constructlble numbers, 
because that isn't where it is. 

Problems of constructibility with straight-edge and compass 
are closely analogous to this second illustration. Starting with 
the Integers, there are certain numbers that we can "construct" by 
elementary arithmetic, but these numbers do not happen to include 

W. _ 

Starting with a segment, AB, there are certain figures that 

we can construct with straight-edge and compass, but these figures 

— 1 ^ 
do not happen to include any segment CD for which CD = 2 • AB . 

This is what we mean when we say that the duplication of the cube 

with straight-edge and compass is impossible of solution. 

The angle-trisection problem deserves some further discussion. 

(1) Some angles can be trisected with straight-edge and 
compass. For example, a right angle can be so trisected. 
When we say that the angle-trisection problem is impossi¬ 
ble of solution, we mean that there are some angles for 
which no trisecting rays can be constructed. 

(2) The angle-trlsection problem becomes solvable if we 
change the construction rules very slightly, b^ allowing 
ourselves to make two marks on the straight - edge . Once 
the two marks are made, we proceed as follows: 
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Given an angle with vertex B, we draw a circle with center at 
B and radius r equal to the distance Between the two marks on 
the straight-edge. Tlqe circle intersects the sides of the given 
angle in points A and C. We want to construct an angle whose 
measure is ^-(m/ ABC) . 

Place the straight-edge so that (l) it passes through C. 

Now manipulate the straight-edge by sliding and rotating it about 
C so that (2) one marked point Q, lies on the circle and (3) 
the other marked point P lies on the ray opposite to BA. We 
will show that m/ BPC = -|(m/ ABC) . In terms of the angle- 
measures indicated in the figure, the main steps in the proof are 
as follows •, you should find the reasons in each case: 

(1) v = u. 

(2) w = u + v = 2 u. 

(3) x = w = 2 u. 

(4) z = x + u = 3 u. 

Equation (4) is, of course, what we wanted to prove. Once we 
have /_ BPC, it is easy to draw the trisecting rays in the 
interior of ABC, by two applications of Construction 14-7. 
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Problem Set 14-7 

1. Find the set of points which are the intersections of the 
bisectors of the base angles of parallelograms that have a 
fixed segment as base. 

2. Explain how to construct an angle of 


a. 

45°; 

e. 

120°; 

b. 

30°; 

f. 

o 

c. 

1° 

22| ; 

S • 

105°; 

d. 

13 5° i 

h. 

i° 

67^ 


Mention three other angles you could construct. 

3. In dealing with triangles it is helpful to be able to 

designate the parts by brief symbols. A notation frequently 
used is as follows: 


A, B, C, for the three vertices; , 

a, bj c, for the lengths of the opposite sides; 

< > < > < > 


V 

V 

h 

c 

for 

the altitudes to 

BC, 

CA, 

AB; 

V 

V 


for 

bisectors of angles A 

, B, 

C; 





«-> 



m a’ 

V 

m c 

for 

medians to sides 

BC, 

CA, 

AB. 


In each of the following problems, we wish to construct a 
triangle satisfying certain conditions. For example, we 
might give two segments RS and TQ and an angle, say / X, 
and require that a triangle ABC be constructed 
so that AB a RS 7 , BC = TQ, and / B = / X. 



B 


o 


C 



For brevity, we shall state such a problem in the form, 
"Construct a triangle given two sides and the included angle" 
or "Construct A ABC, given c, a, and /B." The student 
should do several problems of this type, rephrasing them in 
the more exact language used above, until he is sure that he 
understands the meaning of the shorter statement. 


Construct A ABC having given: 


a. 

a, m a , i B. 

e. 

v v z b - 

b. 

a, b, and X 

f. 

Z Zc. 


such that 


Z c > V t Q . 


m/ A + m/ B = m/ X. 

6* 

c. 

a, b, h b . 

h. 

Z a } ^ , t c . 

d. 

c, {_ A, t^. 




(Suggestion: Each time begin by sketching a figure showing 
the relationship of the given parts to help you in your 
analysis of the problem,) 

Given a square ABCD with 
M and N the mid-points of 
BC and CD. If AM and 
AN meet the diagonal BD 
at P and Q, prove that 
P and Q trisect BD, 
but that m j_ BAM / ^ • 90. 
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5. Show that the angle-trisection method mentioned in the text 
on page 504 never works, by using one of the following methods: 

a. Suppose that for some 
angle it did work. Then 
in the diagram, 

AD is both the angle- 
bisector and the median 
from A in A BAE. 

The triangle is then 
isosceles and AB = AE 

(Why?). But AB = AC by construction, so the circle 

with center at A and radius AB is intersected by 
^^ 

the line BC in three points. This is impossible, 

b. Suppose it did work. 

Then in the diagram, 

let the circle with 
center A and radius 
AB intersect rays 
AD and AE in R 

and S. Then ,.D and E will be inside the circle. 

(Why?) Now RS || BC. (Consider the bisector of 
l RAS.) Also RS > DE (Why?) Triangles ABD, ADE, 
and AEC all have the same area. (Why?) Now compare 
the areas of BDR, DRSE, and SEC to arrive at a 
contradiction, 
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6 . We hereby define a geometer's square as an instrument, made 
of a flat piece of cardboard or similar material, of the 
following shape. 



The angles are all right angles and EP = CD = ^ AB. 

To trisect angle PQR with a geometer's square one first 
uses the long side to 


R 



construct ST || QP at distance EP. 


Then place the 



Prove this. 
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Review Problems 

1. For what Integral values of x is there a triangle whose 

sides have lengths 4, 6, x? 

2. Construct a rhombus in which the perimeter has a given 
length AB and one angle has measure 45. 


AH 


i 8 


3. a. Given AB, construct the set of points P in the plane 
such that m/ APB = 90. 

b. Prove that the set you have constructed fulfills the 
conditions. 


4. Given line L and point P in plane E. Describe the set 
of points in E which are a given distance d from L and 
a given distance r from P. 


Sketch several quadrilaterals and, in each, sketch the 
perpendicular bisectors of the four sides. In general, 
you will find that these do not appear to be concurrent. 
If you can think of any special quadrilaterals whose per¬ 
pendicular bisectors are concurrent, list them. Think of 
some general way of describing the set of quadrilaterals 
with this property. 

By construction find the center 
of the circle of which ® is 
an arc. 



Given a segment representing the difference between the 
diagonal and side of a square. Construct the square. 


7 . 



8. Let A be the center of a circle of radius a, and B the 
center of a circle of radius b, If a + b > AB, do circles 
A and B always intersect? 

9. ABCD is a parallelogram in a plane E. P is a point of E 

which is equidistant from A, B, C, and D, Prove that the 

parallelogram is a rectangle, 

10. ABCD is a trapezoid with AB || CD. Under what circumstances 

will there be a point P, in the plane of the trapezoid, 

equidistant from A, B, C, D? Can there ever be more than 
one such point? 

*11, Given two parallel lines 1 and si and a transversal n, 
are there any points which are equidistant from X, m and n? 
Prove that your answer is correct, 


Chapter 15 

AREAS OF CIRCLES AND SECTORS 


15-1. Polygons . 

A polygon is a figure like this: 





The idea of a polygon can be defined more precisely as follows: 
Suppose that we have given a sequence 

P n 

of distinct points in a plane. We join each point to the next one 
by a segment, and finally we join P n to P-^ 
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In the figure, the dots indicate other possible points and 
segments; because we don't know how large n is. Notice that 
the point just before P n is ? n _ ,, as it should be. 

Definitions : Let P^, P 2 , Pg, p n - 1’ P n be n 

distinct points in a plane (n >_ 3) . Let the n segments 
P 1 P 2 5 P 2 ,P 3 J • • ■ > P n -l P n J P n P l have the properties: 

(1) No two segments intersect except at their end-points, 
as specified; 

(2) No two segments with a common end-point are colllnear. 

Then the union of the n segments is a polygon . 

The n given points are vertices of the polygon, the n 
segments are sides of the polygon. By (2), any two segments with 
a common vertex determine an angle, which is called an angle of 
the polygon . 


[sec. 15-1] 



50 / 


Notice that triangles are polygons of 3 vertices and 3 
sides, and quadrilaterals are polygons of 4 vertices and 4 
sides. Polygons of n vertices and n sides are sometimes 
called n-gons. Thus a triangle is a 3-gon and a quadrilateral 
is a ^-gon (although the terms 3-gon and 4-gon are almost 
never used.) 5-gons are called pentagons , 6-gons are hexagons . 

8-gons are octagons , and 10-gons are decagons . The other 
n-gons, for reasonably small numbers n, also have special names 
taken from the Greek, but the rest of these special names are not 
very commonly used. 

Each side of a polygon lies in a line, which separates the 
plane into two half-planes. If, for each side, the rest of the 
polygon lies entirely in one of the half-planes having that side 
on its edge, then tne polygon is called a convex polygon . 

Below is a convex polygon, with the lines drawn In to indicate 
why it is convex: 



r sec . 1*5-11 
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This is a natural term to use, because if a polygon is convex, it 
turns out that the polygon plus its interior forms a convex set 
in the sense that we defined long ago in Chapter 3. Just before 
the definition of a polygon, there are five examples of polygons. 
You should check that the first, second and fourth of these 
examples are convex polygons, but the third and fifth are not. 

You should check also that in the first, second and fourth cases, 
the polygon plus its interior forms a convex set, but that in the 
third and fifth cases this is not so. 

In this chapter we shall use polygons in the study of circles, 
to learn to calculate circumferences and areas. In the next 
chapter we shall calculate the volumes of prisms, pyramids, cones, 
and spheres. The basic procedure consists in approximating 
lengths and areas of curved figures with lengths and areas of 
polygonal figures, and seeing what happens as the approximations 
become better and better. A complete treatment of this last 
stage of the process is well beyond the subject matter of this 
course, but we will explain the logic of the situation as clearly 
as we can, and as completely as seems practical. 


Problem Set 15-1 


1 . In the figure at the right, 
no three end-points are 
collinear and no two segments 
intersect except at their 
end-points. Nevertheless 
the figure is not a polygon. 
Why not? 
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2. Is the figure at the right 
a polygon? How many sides 
has it? How many vertices? 

What can you say about the 
relative lengths of the sides? 

About the measures of the 
angles? 

+3. a. State a definition of the Interior of a convex polygon. 

(Hint: Consider the definition of the interior of a 
triangle.) 

b. Make a sketch to illustrate that the union of a convex 
polygon and its interior is a polygonal region. (See 
definition of polygonal region in Chapter 11.) 

4. A segment connecting two vertices of a polygon which are not 
end-points of the same side is a diagonal of the polygon. 

a. How many diagonals has a polygon with 3 sides? 

4 sides? 5 sides? 6 sides? 103 sides? n sides? 

b. Sketch a pentagon for which only two of the diagonals 
pass through its Interior. 

5. Use the figure at the right 
to show that the sum of the 
measures of the angles of a 
convex polygon of n sides 
Is S = (n - 2)180. 

6. Verify the statement in the 
preceding problem, using this 
figure. 

F 
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15-2. Regular Polygons . 

Suppose we start with a circle, with center Q and radius 
r, and divide the circle into n congruent arcs, end to end. 
The figure shows the case n = 8. 



For each little arc, we draw the corresponding chord. This gives 
a polygon with vertices P^, Pg, ..., P . The arcs are 
congruent, and so the chords (which are the sides of the polygon) 
are also congruent. If we draw segments from Q to each vertex 
of the polygon, we get a set of n isosceles triangles . In each 

3 6o 3 6o 

triangle, m/ Q = —, because —pj— is the measure of the 

intercepted arc in each case. Therefore all of the isosceles 
triangles are congruent. It follows that all of the angles of 
the polygon are congruent; the measure of an angle of the polygon 
is twice the measure of any base angle of any one of the Isosceles 
triangles. 

Thus the polygon has all of Its sides congruent and all of 
its angles congruent. 


(sec. 15-21 
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Definitions : A convex polygon is regular if all its sides 

are congruent and all its angles are congruent. A polygon is 
inscribed in a circle if all of its vertices lie on the circle. 

It is a fact that every regular polygon can be inscribed in 
a circle, but we will not stop to prove this, because we will not 
need it. We will be using regular polygons only in the study of 
circles, and all of the regular polygons that we will be talking 
about will be inscribed in circles by the method we have just 
described. 

If P^, Pg, P n is a regular polygon inscribed in a 

circle, then the triangles A P 1 QP 2 , A P^^^' . are all 

congruent and they have the same oase e and the same altitude 
a. These are shown, m the figure below, for A P^QP^■ 



[sec. 15-2] 
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Definition : The number a Is called the apothem of the 

polygon. The sum of the lengths of the sides is called the 
perimeter . 

We denote the perimeter by p. Thus, for a regular polygon, 
we have 

p = n • e. 

In this notation, the area formula becomes 

A n = k a • p. 


Problem Set 15-2 

1. What is the ratio of the apothem of a square to its perimeter? 

2. a. What size angle would be determined by drawing radii to 

the end-points of a side of a regular inscribed octagon 9 

b. Use protractor and ruler to construct a regular octagon. 

c. Use compass and straight-edge to construct a regular 
octagon. 

3. Use protractor and ruler to construct a regular pentagon. 

4. A formula for the sum of the measures of the angles of any 
convex polygon of n sides is (n - 2)lSo. (See Problem 5 

of Problem Set 15-1-) What would be a formula for the measure 
of each angle of a regular n-gon? 

5- Is the polygon of Problem 2 in Problem Set 15-1 a regular 
12-gon? Justify your answer. 


fsec. IS—P ' 
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o. The figure represents part of a regular polygon of which 

AB and BC are sides, and R is the center of the circle 
in which the polygon is inscribed. Copy and complete the 
table; 



congruent square regions - 

placed four at a vertex 

as shown. -"- 

a. How many equilateral 

triangles must be i 

placed at a vertex to 
cover a plane? 

b. "What other class' of regular polygonal regions can be 
used to cover a plane? How many would be needed at 
a vertex? 


raec. l<5-2l 
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c. Two regular octagons and one 
square will completely cover 
the part of a plane around a 
point without any overlappings, 
as shown. What other combi¬ 
nations of three regular poly¬ 
gons (two of which are alike) 
will do this? 

(Hint: Consider possible 
angle measures such as those 
listed in the last column of 
your table for Problem 6. 

Find solutions of the equation 2x + y = 360 where x 
and y are angle measures for regular polygons having 
different numbers of sides. In the illustration 
x = 135 and y = 90.) 



d. Investigate the possibility of other coverings of a 
plane around a point by regular polygons. 


8. Show that the sum of the 
measures of the exterior 
angles of any convex 
polygon Is 360. 

(Hint: Count the supplements 
of the Interior angles.) 



*9* a. A convex polygon of n sides (n is a positive even 
iateger greater than 3) can be separated into how 
many quadrilateral regions by drawing diagonals from a 
given vertex? 

b. Derive a formula for the sum of the measures of the 

angles of a convex polygon from your answer to part (a). 
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10. Let S be the sum of the measures of the angles of a polygon 
with n sides. If the polygon is convex, then 
S = (n - 2)l80. In the following three figures, which are 
not convex, show that the formula is still correct if we 
regard S • as the sum of the measures of the angles of the 
triangles into which each can be divided, assuming that no 
new vertices are Introduced. 



(a) (b) (c) 


11. Show that in any polygon If an 
"artificial vertex" is inserted 
on one of the sides as shown so 
that the number of "sides" is 
increased by one, the formula 
for the angle sum still holds. 

12. The sides of a regular hexagon are each 2 units long. If 
it is inscribed in a circle, find the radius of the circle 
and the apothem of the hexagon. 

*13. A regular octagon with sides 1 unit long is inscribed in a 
circle. Find the radius of the circle. 
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15-3, The Circumference of a Circle . The Number 7 r. 

In this section and the next one we shall consider regular 
n-gons for various values of n. As usual, we denote the side, 
apothem, perimeter, etc. of a regular n-gon inscribed In a 
circle of radius r by e, a, p, etc. 

Let C be the circumference of the circle that we have been 
discussing. It seems reasonable to suppose that if you want to 
measure C approximately, you can do it by inscribing a regular 
polygon with a large number of sides and then measuring the 
perimeter of the polygon. That is, the perimeter p ought to be 
a good approximation of C when n is large. Putting it another 
way, if we decide how close we want p to be to C, we ought to 
be able to get p to be this close to C merely by making n 
large enough. We describe this situation in symbols by writing 

P—»C, 

and we say that p approaches G as a limit. 

We cannot prove this, however; and the reason why we cannot 
prove It is rather unexpected. The reason Is that so far, we have 
no mathematical definition of what is meant by the circumference 
of a circle. (We can’t get the circumference merely by adding the 
lengths of certain segments, the way we did to get the perimeter 
of a polygon, because a circle doesn't contain any segments. 

Every arc of a circle, no matter how short you take the arc, Is 
curved a.i least slightly.) But the remedy is easy: we take the 
statement 

P—->C 

as our definition of C, thus: 

Definition : The circumference of a circle Is the limit of 
the perimeters of the inscribed regular polygons. 
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We would now like to go on, in the usual way, to define the 
number tt as the ratio of the circumference of a circle to its 

diameter. But to make sure that this definition makes good sense, 

rj 

we first need to know that the ratio is the same for all 

circles, regardless of their size. Thus we need to prove the 
following. 

0 

Theorem 15-1 ■ The ratio of the circumference to the 

diameter, is the same for all circles. 

The proof is by similar triangles. Given a circle with 
center Q, and radius r, and another circle, with center Q’ 
and radius r' , we inscribe a regular n-gon in each of them. 
(The same value of n must be used in each circle.) 




In the figure we show only one side of each n-gon, with the 
associated Isosceles triangle. Now /_ AQB “ /_ A'Q'B', because 
each of these angles has measure —p. Therefore, since the 
adjacent sides are proportional, 

A AQB ~ A A’Q'B’ 

by the S.A.S. Similarity Theorem. Therefore, 

e e' 
r = r ri 



and so 
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Where p is the perimeter ne of the first n-gon, and p' is 

the perimeter ne' of the second n-gon. Let C and C' be 

the circumferences of the two circles. Then p—>C, by 

definition, and p'—>0’, by definition. Therefore 

C _ C' 

7 ” r 1 

and 

C O' 

Sr = 2rT» 

which was to be proved. 

The number which is the same for all circles, is 

designated by t r. We can therefore express the conclusion of 
Theorem 15-1 in the well-known form, 

C = 2irr. 

r is an irrational number and cannot be represented exactly 
in fractional form. It can however, be approximated as closely 
as we please by rational numbers. Some rational approximations 
to 7 T are 

3, 3.14, 3.1416, 3.14159265358979. 

Problem Set 15-3 

1. A regular polygon is Inscribed in a circle, then another with 
one more side than the first is inscribed, and so on endless¬ 
ly, each time increasing the number of sides by one. 

a. What is the limit of the length of the apothem? 

b. What is the limit of the length of a side? 

c. What is the limit of the measure of an angle? 

d. What is the limit of the perimeter of the polygon? 

2. A certain tall person takes steps a yard long. He walks 
around a circular pond close to the edge taking 628 steps. 
What is the approximate radius of the pond? (Use 3.14 

for 7 r.) 
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op 

3 . Which Is the closer approximation to ir, 3.14 or 

4. The moon is about 240,000 miles from the earth, and its 
path around the earth is nearly circular. Find the cir¬ 
cumference of the circle which the moon describes every month. 

5 . The earth is about 93,000,000 miles from the sun. The path 
of the earth around the sun is nearly circular. Find how far. 
we travel every year "in orbit". What is our speed in this 
orbit in miles per hour. 

6 . The side of a square is 12 inches. What is the circumference 
of its inscribed circle? Of its circumscribed circle? 

* 7 . In the figure, square XYZW 
is Inscribed in circle 0 , 
and square ABCD is cir¬ 
cumscribed about the circle. 

The diagonals of both squares 
lie In and *B?. Given 
that a square PQRS is 
formed when the mid-points 

P, Q, R and S of AX, BY, CZ, and I, are joined, Is 
the perimeter of this square equal to, greater than, or less 
than the circumference of circle 0? Let OX = 1 and 
justify your answer by computation . 1 

8 . The radius of a circle-is 10 feet. By how much is its 

circumference changed if its radius is Increased by 1 foot? 
If the radius were originally 1000 feet, what would be the 
change in the circumference when the radius is increased by 
1 foot? 
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15-4. Area of a Circle . 

In Chapter 11 we considered areas of polygonal regions, 
defined In terms of a basic region, the triangular region, which 
Is the union of a triangle and its interior. In talking about 
areas associated with a circle we make a similar basic definition. 

Definition : A circular region is the union of a circle and 
its interior. 

In speaking of "the area of a triangular region" we found 
it convenient to abbreviate this phrase to "the area of a triangle", 
Similarly, we shall usually say "the area of a circle" as an 
abbreviation of "the area of a circular region". 

We shall now get a formula for the area of a circle. We 
already have a formula for the area of an inscribed regular 
n-gonj this is 

A n * \ ap 

where a is the apothem and p is the perimeter. 
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In this situation there are three quantities involved, each 
depending on n. These are p, a and A . To get our formula 
for the area of a circle, we need to find out what limits these 
quantities approach as n becomes very large. 

(1) What happens to A fi . A n is always slightly less than 

the area A of the circle, because there are always some points 
that lie inside the circle but outside the regular n-gon. But 
the difference between A n and A is very small when n Is 
very large, because when n Is very large the polygon almost 
fills up the interior of the circle. Thus, we expect that 

A n -^A. 

But just as in the case of the circumference of the circle, this 
can never be proved, since we have not yet given any definition 
of the area of a circle. Here also, the way out Is easy: 

Definition : The area of a_ circle is the limit of the areas 

of the inscribed regular polygons. 

Thus, A n -by definition. 

(2) What happens to a_. The apothem a is always slightly 
less than r, because either leg of a right triangle is shorter 
than the hypotenuse. But the difference between a and r is 
very small when n is very large. Thus, 


a —*r. 

(3) What happens to £. By definition of C, we have 
p —*C. 

Bitting together the results in ( 2 ) and (3), we get 



• 1 

Therefore k —s»-»rC. 

n 2 

But we knew from (l) that A n —>A. Therefore 

A = ^-rC. 


f 5ipf>. 
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Combining this with the formula C = 27rr gives 

A = ?rr 2 . 

Thus the formula that you have known for years finally 
becomes a theorem: 

O 

Theorem 15-2 . The area of a circle of radius r is rr . 


Problem Set 15-4 

1. Find the circumference and area of a circle with radius 

a, 5. b. 10. 

2. Find the circumference and area of a circle with radius 

a. n. b. 

3. a. Find the area of one face 

of this iron washer if its 
diameter is 4 centimeters 
and the diameter of the 
hole is 2 centimeters. 

b. Would the area be changed 
if the two circles were 
not concentric? 

4. The radius of the larger of two circles is three times the 
radius of the smaller. Compare the area of the first to 
that of the second. 

5. The circumference of a circle and the perimeter of a square 
are each equal to 20 inches. Which has the greater area? 
How much greater is it? 

6 . Given a square whose side is 10 inches, what is the area 
between its circumscribed and inscribed circles? 


lOn. 



7. 


8 . 


An equilateral triangle is inscribed in a circle. If the 
side of the triangle is 12 inches, what is the radius of 


the circle? The circumference? 

The cross inside the circle 
is divisible into 5 squares. 
Find the ^.rea which is Inside 
the circle and outside the 
cross.. 



Given: Two concentric circles 
with center P, AC is a 
chord of the larger and is 
tangent to the smaller at B. 
Prove: The area of the ring 

O 

(annulus) is irBC . 
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* 11 . 


In a sphere whose radius is 
10 inches, sections are made 
by planes 3 Inches and 5 
Inches from the center. Which 
section will be the larger? 
Prove that your answer is 
correct. 

In the figure, ABGD is a 
square in which E, F, G 
are mid-points of AD, AC, 
and CB, respectively. AF 
and FC are circular arcs 
with centers E and G 
respectively. If the sl'de 
of the square is s, find 
the area of the shaded portion. 



[sec. 15-^] 
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* 12 . 


In the figure, semi-circles 
are drawn with each side of 
right triangle ABC as 
diameter. Areas of each 
region in the figure are 
indicated by lower case 
letters, 

Prove: r + s = t. 



A B 


*13. A special archery target, 
with which an amateur can 
be expected to hit the 
bulls-eye as often as any 
ring, is constructed in 
the following way. Rays 
OM and PN are parallel. 

A circle with center 0 
and radius r equal to the 
distance between the rays, 
is drawn intersecting OM 
at Q. QA J_ QM. Then a 
circle with center 0 and 
radius OA, 

drawing perpendiculars at R and at S, and circles with 
radii OB and OC. Note that we arbitrarily stop at four 
concentric circles. 



or r 1 is drawn. This process is repeated by 


a. Find r^, r^, r^ in terras of r. 

b. Show that the areas of the Inner circle and the three 
"rings", represented by a, b, c, and d, are equal. 

14. An isosceles trapezoid whose bases are 2 Inches and 6 
Inches is circumscribed about a circle. Find the area of 
the portion of the trapezoid which lies outside the circle. 


[sec. 15-4] 
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15-5. Lengths of Arcs . Areas of Sectors . 

Just as we define the circumference of a circle as the limit 
of the perimeters of Inscribed regular polygons, so we can define 
the length of a circular arc as a suitable limit. 



If AB is an arc of a circle with center Q, we take points 
P-^, Pg, ... p n _ i on so that each of the n angles ,/AQP-^ 

^ PlQPg, ..., / P n 1 QB has measure i.mAB. 

Definition : The length of arc ® is the limit of 

AP-^ + P-^Pg + • • * + P n 2 ® as we take n larger and larger. 

It is convenient', in discussing lengths of arcs, to consider 
an entire circle as an arc of measure 360. Any point of the 
circle can be considered as the coincident end-points of the arc. 
The circumference of a circle can then be considered to be simply 
the length of an arc of measure 360. 

The basic theorem on arc length Is the following: 


Tsec. 15-51 
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Theorem 15-3 . If two arcs have equal radii, then their 
lengths are proportional to their measures. 



mAB mA'B 1 


The proof of this theorem is very hard, and quite unsuitable 
for a beginning geometry course. We make no attempt to prove it 
here, but, like Theorem 13-6 (to which it Is closely related), 
treat it as if It were a new postulate. 

Theorems 15-1 and 15-3 can be combined to give a general 
formula for the length of an arc. 

Theorem 15-**- • An arc of measure q and radius r has 
length jjjrfir. 

Proof: If G is the circumference of a circle of radius r 
we have, by Theorem 15-3, 

L C 

q = W 

By Theorem 15-1 , C = 2irr. Substituting this value of C above 
and solving for L gives 

L = THo qr ’ 


f non 
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A sector of a circle is a region bounded by two radii and 
an arc, like this: 0 


Q 


A 

More precisely: 

Definitions : If AB is an arc of a circle with center ft 
and radius r, then the union of all segments ftp, where P is 
any point of AB, is a sector . AB is the arc of the secto 
and r is the radius of the sector . 

The following theorem is proved just like Theorem 15-2. 

Theorem 15-5 . The area of a sector is half-the product of 
Its radius by the length of its arc. 

Combined with Theorem 15-^, we get 

Theorem 15-6 . The area of a sector of radius r and arc 

t r 2 

measure q is qr . 

Problem Set 15-5 

1. The radius of a circle is 15 Inches. What is the length 

of an arc of 6o°? of 90°? of 72°? of 36°? 

2. The radius of a circle is 6. What is the area of a sector 
with an arc of 90 °? of 1°? 

3. If the length of a 6o° arc is one centimeter, find the 

radius of the arc. Also find the length of the chord of 

the arc. 
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4 . 


5. 


In a circle of radius 2, a sector has area ir. What is 
the measure of its arc? 

A segment of a circle is the 
region bounded by a chord 
and an arc of the circle. 

The area of a segment is found 
by subtracting the area of the 
triangle formed by the chord 
and the radii to its end-points 
from the area of the sector. 

In the figure, m/ APB = 90. If PB = 6 , then 

1 

Area of sector PAB = jir * 6 = 9ir. 

Area of triangle PAB = ^ • 6 2 = 18. 

Area of segment = 9 tt - 18 or approx. 10.26. 

Find the area of the segment if: 

a. m/ APB = 60j r = 12. 

b. APB = 120 ) r = 6 . 

c. APB = 45, r = 8 . 



6 . If a wheel of radius 10 inches rotates through an angle of 
36°, 

a. how many inches does a point on the rim of the wheel 
move? 

b. how many inches does a point on the wheel 5 inches 
from the center move? 
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7 . A continuous belt runs around two wheels of radius 6 inches 
and 30 inches. The centers of the wheels are 48 inches 
apart. Find the length of the belt. 



8 . In this figure ABCD is a 
square whose side is 8 
inches. With the mid-points 
of the sides of the square 
as centers, arcs are drawn 
tangent to the diagonals. 
Find the area enclosed by 
the four arcs. 
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Review Problems 

1. . Which of the figures below are polygons? Which ones are 

convex polygons? 


2. Does every regular polygon have 

a. each side congruent to every other side? 

b. each angle congruent to every other angle? 

c. at least two sides parallel? 

3. What is the measure of an angle of a regular 

a. pentagon? c. octagon? 

b. hexagon? d. decagon? 

4. If the measure of an angle of a regular polygon is 150, 
how many vertices does the polygon have? 

5. a. If both a square and a regular octagon are inscribed in 

the same circle, which has the greater apothem? 
the greater perimeter? 

b. Answer the same questions for circumscribed figures. 

6 . Prom what formula relating to regular polygons is the formula 
for the area of a circle derived? 

7. If G is the circumference of a circle and r is its radius, 

n 

what is the value of —? 
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8 . If the circumference of a circle is 12 inches, the length 
of its radius will lie between what two consecutive integers? 

9 . Find the measure of an exterior angle of 

a. a regular pentagon. b. a regular n-gon. 

10. What is the radius of a circle if its circumference is equal 
to its area? 

11. If the radius of one circle is 10 times the radius of 
another, give the ratio of 

a. their diameters. c. their areas. 

b. their circumferences. 

12. If a regular hexagon is inscribed in a circle of radius 5 , 
what is the length of each side? What is the length of the 
arc of each side? 

13. Show that the area of a circle is given by the formula 

1 2 

A » Tf'frd , where d is the diameter of the circle. 

14. A wheel has a 20 inch diameter. How far will it roll if 
it turns 270 °? 

15. The angle of a sector is 10° and its radius is 12 inches. 
Find the area of the sector and the length of its arc. 

16. Prove that the area of an equilateral triangle circumscribed 
about a circle is four times the area of an equilateral 
triangle Inscribed in the circle. 

*17. This problem came up .in a college zoology course: Two 

woodchucks dig burrows at a distance r from each other, 
and each of them 1 b the nearest neighbor of the other. If 
a third woodchuck moves into the region, how large is the 
area in which he can settle so that he^will become the 
nearest neighbor of each of the original woodchucks? 

18. One regular 7-slded polygon has area 8 and another 

regular 7-sided polygon has area 18. What is the ratio 
of a side of the smaller to a side of the larger? 


V 




Chapter 16 
VOLUMES OF SOLIDS 


l6-l. Prisms. 

Here are some pictures of prisms: 




A prism can be thought of as the solid swept out In moving a 
polygonal region parallel to itself from one position to another. 

In this process each point of the region describes a line segment, 
and these segments are all parallel to one another. The prism 
itself can be thought of as just the set of all such line segments, 
as If It were made up of a bundle of parallel wires. 

These considerations lead us to the following precise 
definition. 





Definitions . Let E-^ and E 2 be two parallel planes, L 
a transversal, and K a polygonal region in E 1 which does not 
Intersect L. For each point P of K let PP' be a segment 
parallel to L with P' in E ? . The union of all such segments 
is called a prism. 
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Definitions . The polygonal region K Is called the lower 
base , or just the base , of the prism. The set of all the points 
P' , that is, the part of the prism that lies in Eg, is called 
the upper base . The distance h between E 1 and Eg is the 
altitude of the prism. If L is perpendicular to E 1 and Eg 
the prism is called a right prism . 

Prisms are classified according to their bases: a triangular 
prism is one whose base is a triangular region, a rectangular 
prism is one whose base is a rectangular region, and so on. 

Definition . A cross - section of a prism is its intersection 
with a plane parallel to its base, provided this intersection is 
not empty. 

Theorem 16-1 . All cross-sections of a triangular prism are 
congruent to the base. 


L 



Proof: Let the triangular region ABC be the base of a 

prism, and let a cross-section plane intersect AA', BB' , CC 1 
in D, E and P. AD || BE by definition of a prism, and 
AB 11 DE by Theorem 10-1. Hence, ABED is a parallelogram, 
and so DE = AB, because opposite sides of a parallelogram are 
congruent. Similarly, DF = AC and EF = BC. By the S.S.S. 
Theorem, A DEF = A ABC. 


fsec. l6-l] 
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Corollary 16-1-1 . The upper and lower bases of a triangular 
prism are congruent. 

Theorem 16-2 . (Prism Cross-Section Theorem.) All cross- 
sections of a prism have the same area. 



Proof: By definition of a polygonal region, the base can be 
cut up into triangular regions. Thus the prism is cut up into 
triangular prisms whose bases are the triangular regions . 

By Theorem l6-l, each triangle in the base is congruent to 
the corresponding triangle in the cross-section. (Thus, in the 
figure, A PABSAp'A'B', A PBC = A P'B’ C' , and so on.) The 
area of the base is the sum of the areas of the triangular 
regions in the base; and the area of the cross-section is the sum 
of the areas of the corresponding triangular regions in the cross- 
section. Since congruent triangles have the same area, the 
theorem follows. 



537 


Corollary 16-2-1 . The two bases of a prism have equal areas. 

(Note: Since we have not defined congruence for figures more 
complicated than triangles, Theorem 16-2, while intuitively clear, 
must be proved using our available definitions. However, it is 
evident that with any reasonable general definition of congruence 
between geometric figures the theorem should hold for any prism. 

In Appendix VIII such a definition of congruence is given, and 
then the proof of Theorem l6-l needs only a slight modification 
to prove that a cross-section of any prism is congruent to the 
base.) 

Ordinarily we are concerned only with convex prisms, that is, 
prisms whose bases are convex polygonal regions . VJe can therefore 
speak of a "side" or a "vertex" of the base. 

In the following definitions the notation is the same as that 
for the original definition of a prism. 

Definitions : A lateral edge of a prism is a segment AA' , 

where A is a vertex of the base of the prism. A lateral face 

Is the union of all segments PP' for which P is a point in a 

given side of the base. The lateral surface of a prism is the 
union of its lateral faces. The total surface of a prism Is the 

union of Its lateral surface and Its bases. 

Theorem 16-3 . The lateral faces of a prism are parallelogram 
regions, and the lateral faces of a right prism are rectangular 
regions. 

A formal proof involves a discussion of separation properties 
and is rather long and tedious. While you may want to work out a 
formal proof, you can convince yourself of the correctness of the 
theorem by applying the definitions of prism and lateral face to 
the diagram for Theorem l6-l or 16-2. 


r upp 


1 
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Definitions : A parallelepiped Is a prism whose base is a 
parallelogram region, A rectangular parallelepiped Is a right 


rectangular prism. 




Parallelepiped Rectangular Parallelepiped 

Note: While In the preceding theorem and definitions we 
have been careful to refer to the base and the cross-section of a 
prism as regions, we will often use base and cross-section to mean 
the polygon which bounds the region and conversely, the context 
will make clear the intended use. 


Problem Set l6-l 


1. Prove that two non-adjacent 
lateral edges of a prism are 
coplanar, and that the inter¬ 
section of their plane and 
the prism is a parallelogram. 
(Hint: For the figure shown, 
prove ABFH is a parallelo¬ 
gram .) 


F 





539 


2. Find the area of the lateral surface of a right prism whose 
altitude is 10 if the sides of the pentagonal base are 

3, 4, 5, 1, 2. 

3. Find the area of the total surface of a right triangular 
prism if the base is an equilateral triangle 8 inches 
on a side and the height of the prism is 10 inches. 

4. Prove that the lateral area (area of the lateral surface) 

of a right prism is the product of the perimeter of its base 
and the length of a lateral edge. 

5. If the sides of a cross-section of a triangular prism are 

3, 6, and 3V~3, then any other cross-section will be a 

triangle whose sides are__, and _^ 

whose angles measure _, _, _ , and whose 

area Is _. 

6. The length of a lateral edge of a right prism is 10 inches 
and its lateral area is 52 square inches. What is the 
perimeter of its base? 


r 


lAo 1 
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16-2. Pyramids . 


Pyramids are quite similar to prisms in some respects. In 
particular many of the terms carry over, and we shall use some of 
them without formal definition. 

Definitions: Let K be a polygonal region in a plane E, 
and V a point not in E. For each point P in K there is a 
segment PV. The union of all such segments is called a pyramid 
with base K and vertex V. The distance h from V to E is 
the altitude of the pyramid. 


V 



The next two theorems are analogous to Theorems 16-1 and 

16-2. 

Theorem 16-4 . A cross-section of a triangular pyramid, by a 
plane between the vertex and the base, is a triangular region 
similar to the base. If the distance from the vertex to the 
cross-section plane is k and the altitude is h, then the 
ratio of the area of the cross-section to the area of the base 


Restatement: Let A ABC be in plane E and point V a 
distance h from E. Let plane E', parallel to E and at 

distance k from V, intersect VA, ^VB, "vc in A', B', C' . 

Then A A'B'C' ~ A ABC, and 

area A A 1 B T C 1 _ /k^ 2 
area a a£c " 
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V 



B 


Proof: Let VP J_ E and let VP Intersect E' in P' . 

Then h = VP, k = VP 1 . 

(1) AP || A'P' by Theorem 10-1. 

A VA'P' ~ A VAP by Corollary 12-3-2. 

= £ by definition of similar triangles. 

VA VP h J 

(2) A'B' || AB by Theorem 10-1. 

A VA'B' ~ A VAB by Corollary 12-3-2. 

TF" = W~ = | (!) and definition. 

(3) Similarly, 

B'C' k C 1 A' k 

■ h> ~ h* 

(4) Prom (2)' and (3) 

A'B' B’C' C'A' k 

~rr = ~m~ = ~wr ~ h - 

Therefore A A'B'C' ~A ABC by the S.S.S. Similarity Theorem, 

“> fUrf am ' c ' - * *““« 12 -?- 
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Theorem 16-5. In any pyramid, the ratio of the area of a 
cross-section and the area of the base is (^J , where h is 
the altitude of the pyramid and k is the distance from the 
vertex to the plane of the cross-section. 



Proof: Let us cut up the base Into triangular regions with 
areas A 1 , A 2 , ... , (in the figure, n = 4.) Let 

Af' , Ag 1 , ... , A n ' be the areas of the corresponding triangular 
regions in the cross-section. Let A be the area of the base, 
and let A' be the area of the cross-section. Then 


and 

By the result 
we know that 


A = A^ + Ag + . . . + A n , 


A > = A 1 1 + A 2 * + ... + A n '. 


which we have Just proved for triangular 



pyramids. 

Therefore 


Fsec. 16-21 
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Therefore 



which was to be proved. 


Theorem 16-5 has the following consequence. 

Theorem 16-6 . (The Pyramid Gross-Section Theorem.) Given 
two pyramids with the same altitude. If the bases have the same 
area, then cross-sections equidistant from the bases also have 




In the figure, for the sake of simplicity, we show triangular 
pyramids, but the proof does not depend on the shape of the base. 


Let A be the area of each of the bases, and let A 1 and 
A^ be the areas of the cross-sections. Let h be the altitude 
of each of the pyramids, and let d be the distance between each 
cross-section and the corresponding base. Then the vertices of 
the two pyramids are at the same distance k = h - d from the 
planes of the cross-sections. Therefore 



by the previous theorem. Since the denominators on the left and 
right are equal, so also are the numerators. Therefore, = A^, 
which was to be proved. 


[sec. 16 - 2 ] 
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Problem Set 16-2 

1. If the base of a pyramid is a square, each cross-section will 

be a _ . If the base of a pyramid is an equilateral 

triangle whose side is 9, each cross-section will be 

_ and the length of a side of the cross-section 

one-third of the distance from the vertex to the base will 

be _. 

2. Given two pyramids, one triangular, one hexagonal, with equal 
base areas. In each the altitude is 6 inches. The area 

of a cross-section of the triangular pyramid, 2 inches from 
the base, is 25 square inches. What is the area of a 
cross-section 2 inches from the base of the hexagonal 
pyramid? 

3. A regular pyramid is a pyramid whose base is a regular 
polygonal region having fdr Its center the foot of the 
perpendicular from the vertex to the base. 

Prove that the lateral faces of a regular pyramid are 
bounded by congruent isosceles triangles. 

*4. Given a triangular pyramid with vertex V and base ABC, 
find a plane whose intersection with the pyramid is a 
parallelogram. 

5. Show that the lateral area of a regular pyramid Is given by 
A = ^ ap in which p is the perimeter of the base and a 
is the altitude of a lateral face. 


[sec. 16 - 2 ] 
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6. FGHJK is parallel to base 
ABODE in the pyramid shown 
here, with altitude VS = 7 
inches and altitude VR = 4 
inches. If the area of 
ABODE is 336 square 
inches, what is the area 
of FGHJK? 


V 



7. A regular pyramid has a square base, 10 inches on a side, 
and is one foot tall. Find the lateral area of the pyramid 
and the area of the cross-section 3 inches above the base. 


*8. Prove: In any pyramid, the 
ratio of the area of a 
cross-section to the area 

a 2 

of the base is (^) , 

where a is the length of 
a lateral edge of the 
smaller pyramid and b is 
the corresponding lateral 
edge of the larger pyramid. 
(Hint: Draw altitude PS.) 


P 
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l6-3. Volumes of Prisms and Pyramids , Cavalleri 1 s Principle . 

A vigorous treatment of volumes requires a careful definition 
of something analogous to polygonal regions in a plane ( polyhedral 
regions is the name) and the introduction of postulates similar 
to the four area postulates. We will not give such a treatment, 
hut instead will rely on your intuition to a considerable extent, 
particularly when it comes to cutting up solids or fitting them 
together. However, we will state explicitly the two numerical 
postulates we need. One of them is the analog of Postulate 20, 
which gave the area of a rectangle. 


Postulate 21. The volume of a rectangular 
parallelepiped is the product of the altitude and the 
area of the base. 


To understand what is going pn in our next postulate, let us 
first think of a physical model. We can make an approximate model 
of a square pyramid by forming a stack of thin cards, cut to the 
proper size, like this: 



The figure on the left represents the exact pyramid, and the 
figure on the right is the approximate model made from cards . 
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Now suppose we drill a narrow hole in the model, from the top 
to some point of the base, and insert a thin rod so that it goes 
through every card in the model. We can then tilt the rod in any 
way we want, keeping its bottom end fixed on the base. The shape 
of the model then changes, but its volume does not change. The 
reason is that its volume is simply the total volume of the cards; 
and this total volume does not change as the cards slide along 
each other. 

The same principle applies more generally. Suppose we have 
two solids with bases in a plane which we shall think of as 
horizontal. If all horizontal cross-sections of the two solids 
at the same level have the same area then the two solids have the 
same volume. 



A = A' 

The reason is that if we make a card-model of each of the solids, 
then each card in the first model has exactly the same volume as 
the corresponding card in the second model. Therefore the volumes 
of the two models are exactly the same. The approximation given 
by the models is as close as we please, if only the cards are thin 
enough. Therefore the volumes of the two solids that we started 
with are the same. 
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The principle involved here is called Cavallerl 1 s Principle . 
We haven't proved it; we have merely been explaining why it is 
reasonable. Let us therefore state it in the form of a postulate: 


Postulate 22 . (Cavalieri's Principle.) Given 
two solids and a plane. If for every plane which 
Intersects the solids and is parallel to the given 
plane the two intersections have equal areas, then 
the two solids have the same volume. 


Cavalieri's Principle is the key to the calculation of 
volumes, as we shall soon see. 

Theorem 16-7 . The volume of any prism is the product of 
the altitude and the area of the base. 



f n A/i 


1 £ Q 1 
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Proof: Let h and A be the altitude and the base area of 
the given prism. Consider a rectangular parallelepiped with the 
same altitude h and the base area A, and with its base in the 
same plane as the base of the given prism. We know by the Prism 
Cross-Section Theorem that all cross-sections, for both prisms, 
have the same area A. By Cavalieri's Principle, this means that 
they have the same volume. Since the volume of the rectangular 
parallelepiped is Ah by Postulate 21, the theorem follows. 

Theorem l6-8 . If two pyramids have the same altitude and the 
same base area, then they have the same volume. 



Proof: By the Pyramid Cross-Section Theorem, corresponding 
cross-sections of the two pyramids have the same area. By 
Cavalieri's Principle, this means that the volumes are the' 


same. 
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Theorem 16-g mu. 

thira *• ~ - ^z: ~ - 

P ^ 0 f: GU,»» , b3Se area - 

s > we take a trianLl rlanSUlar Pyramid with base pqr 
altitude, like this; ^ PQRTSu with the same bJe^^* 



next cut 4-u 

them beins «-~ *»■«.,«. of 



II R 





Think of pyramlds j Q 111 

and common vertex 3 The f haVlng bases PTU a „ 

ln the sam4 plane „ ' he two triangles 4 p(m and PRU > 

triangles into which th T 3i *- the, ** 7 ^ 

diagonal up Hen Parallelogram p W R -t ^ tW ° 
and the sam ‘ Pyraml ds 1 and x R ls separated by the 

“ S aU “ U ^ (»,e «.*». “ the — baae area ' 

S to p lane PTOr)> 


rs ec. 16-s 1 
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and so by Theorem 16-8 they have the same volume. In the same 
way, thinking of pyramids II and III as having bases SUR and 
SQR and common vertex P, we see that II and III have the same 
volume. Therefore the volume of all three pyramids is the same 
number, V, and the volume of the prism is 3V. If 
area A PQR = A and the altitude of SPQR = h, then 

3V = Ah, 

whence V = ^ Ah which was to be proved. 

The same result holds for pyramids in general: 

Theorem 16-10 , The volume of a pyramid is one-third the 
product of its altitude and its base area. 




Proof: Given a pyramid of altitude h and base area A. 

Take a triangular pyramid of the same altitude and base area, with 
its base in the same plane. By the Pyramid Cross-Section Theorem, 
cross-sections at the same level have the same area. Therefore, 
by Cavalierl's Principle, the two pyramids have the same volume. 
Therefore the volume of each of them is ^ Ah, which was to be 
proved. 
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Problem Set l6-3 

1. A rectangular tank 5' x 4' is filled with water to a depth 
of 9". How many cubic feet of water are In the tank? How 
many gallons? (l gallon = 231 cubic inches.) 

2. A lump of metal submerged in a rectangular tank of water 20 
Inches long and 8 inches wide raises the level of the water 
4.6 Inches. What is the volume of the metal? 

3. If one fish requires a gallon of water for good health, how 
many fish can be kept in an aquarium 2 feet long, 1-J- 
feet wide, and l-^ feet deep? 

4. If one edge of the base of a 
regular hexagonal pyramid is 
12 inches and the altitude 
of the pyramid is 9 inches, 
what is the lateral area? 

What Is the volume? 


5. The volume of a pyramidal tent with a square base is 1836 
cubic feet. If the side of the base is 18 feet, find the 
height of the tent. 

6. A plane bisects the altitude 
of a pyramid and is parallel 
to its base. What is the 
ratio of the volumes of the 
solids above and below the 
plane? 



C 
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* 7 . A monument has the shape of an 
obelisk -- a square pyramid cut 
off at a certain height and 
capped with a second square 
pyramid. The vertex of the 
small pyramid is 2 feet 
above its base and 32 feet 
above the ground. If the base 
pyramid had been continued to 
its vertex it would have been 
60 feet tall. Find the volume 
of the obelisk If each side of 
the base, at the ground, is 4 
feet long. 



*8. State and illustrate a principle, corresponding to Cavalieri's 
Principle, having the conclusion that two plane regions have 
equal areas. 


l6-4. Cylinders and Cones . 

Note that in the definition of a prism, and of associated 
terms in Section l6-l, it is not necessary to restrict K to be a 
polygonal region. K could in fact be any point set in E^. 

Such tremendous generality is not needed, but we certainly can 

consider the case in which K is a circular region, the union 

« T ■ " “■ 

of a circle and its Interior. In this case we call the resulting 
solid a circular cylinder . You should write out a definition of 
a circular cylinder for yourself. You can use the following 
figure to help you. 




55 ^ 



We can have cylinders with other kinds of bases, such as 
elliptic cylinders, but the circular cylinder is by far the most 
common and the only one considered in elementary geometry. 

Just as the definition of a circular cylinder is analogous 
to that of a prism, the definition of a circular cone is analogous 
to the definition of a pyramid. Check your understanding of this 
by writing out a definition of a circular cone. You can use the 
notation of the following figure to help you. 



[sec. 16-4] 
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Definition : If the center of the base circle is the foot of 
the perpendicular from V to E, the cone is called a right 
circular cone. 

The following analogs of the theorems on prisms and pyramids 
are provable by the same general methods. We omit the details . 

Theorem 16-11 . A cross-section of a circular cylinder is a 
circular region congruent to the base. 



Idea of proof: Let C be the center and r the radius of 
the base. Then, by parallelograms, P-^ = PC = r. 

Theorem 16-12 . The area of a cross-section of a circular 
cylinder is equal to the area of the base. 

Theorem 16-13 . A cross-section of a cone of altitude h, 
made by a plane at a distance k from the vertex, is a circular 

M .jr. 2 

region whose area has a ratio to the area of the base of (^) . 




ifi-M 



Idea of proof: Let , VU = h. 

(1) A VQT ~ A VPU. 

VQ k 
W _ h* 

(2) A VQR ~ A VPW. 

QR _ k 

W ~ F* 

(3) QR = £ PW. 

Since PW has a constant value, regardless of the 
position of W, then QR has a constant value. Thus, 
points R lie on a circle. The corresponding circular 
region is the cross-section. 

/m area of circle with center Q _ /k\2 
' area of circle with center P ~ 'K* ’ 


all 


f sec. 16-4-1 
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We can now use Gavalieri's Principle to find the volumes of 
cylinders and cones. 

Theorem 16-14 . The volume of a circular cylinder is the 
product of the altitude and the area of the base. 

Proof like that of Theorem 16-7. 

Theorem 16-15 . The volume of a circular cone is one-third 
the product of the altitude and the area of the base. 

Proof like that of Theorem 16-10. 

Problem Set 16-4 

1. Find the volume of this right 
circular cone. 


2. Find the number of gallons of water which a conical tank will 
hold if it is 30 inches deep and the radius of the circular 

top is 14 inches. (There are 231 cubic inches in a 

22 22 
gallon. Use y as an approximation of ir. Why is y 

a more convenient approximation than 3.14 in problems 

containing the number 231?) 

3. A drainage tile is a cylindrical shell 16 Inches long. 

The inside and outside diameters are 5 inches, and 5-6 
inches. Find the volume of clay necessary to make the tile. 

4. A certain cone has a volume of 
27 cubic inches. Its height 
is 5 inches. A second cone is 
cut from the first by a plane 
parallel to the base and two 
inches below the vertex. Find 
the volume of the second cone. 
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5. On a shelf in the supermarket stand two cans of Imported 
olives. The first is twice as tall as the second, but the 
second has a diameter twice that of the first. If the second 
costs twice as much as the first, which Is the better buy 9 

6. In this figure we are looking 
down upon a pyramid, whose base 
is a square, inscribed in a 
right circular cone. If the 
altitude of the cone or 
pyramid is 36 and a base 
edge of the pyramid is 20, 
find the volume of each. 

7- Figure 1 represents a cone 
in a cylinder and Figure 2, 
two congruent cones in a 
cylinder. If the cylinders 
are the same size, compare 
the volume of the cone in 
Figure 1 with the volume of 
the two cones In Figure 2. 

"Would your conclusion be 
changed if the cones in 
Figure 2 were not congruent 9 


8. A right circular cone stands Inside a right circular cylinder 
of same base and height. Write a formula for the volume of 
the space between the cylinder and the cone. 





r *5 f*r> i l 
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*9. If a plane parallel to the base 
of a cone (or pyramid) cuts 
off another cone (or pyramid) 
then the solid between the 
parallel plane and the base 
is called a frusturn . 

A frustum of a cone has a 
lower radius of 6 inches, 
an upper radius of 4 
inches and a height of 8 
inches. Find its volume. 



l6-5> Spheres j Volume and Area . 

By the volume of a sphere we mean the volume of the solid 
which is the union of the sphere and its interior. 

Theorem l6-l6 . The volume of a sphere of radius r is 

4—3 
3 ^ ' 

Proof: Given a sphere of radius r, let E be a tangent 
plane. In E take a circle of radius r and consider a right 
cylinder with this circle as base, altitude 2r, and lying on 
the same side of E as the sphere. 
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Finally, consider two cones, with the two bases of the cylinder as 
their bases, and their common vertex V at the mid-point of the 
axis of the cylinder. 

Take a cross-section of each solid by a plane parallel to E 
and at a distance s from V. The cross-sections will look like 
this: 



The area of the section of the sphere is 

A x = irt 2 = ir(r 2 - s 2 ) 

by the Pythagorean Theorem. We wish to compare this with the 
section of the solid lying between the cones and the cylinder, 
that is, outside the cones, but inside the cylinder. This section 
is a circular ring, whose outer radius is r and whose inner 
radius is s. (Why?) Hence, its area is 

p p p p 

Ag = TIT - 7TS = 7r(r - S ) . 

Thus, = Ag, and by Cavalieri’s Principle the volume of the 

sphere is equal to the volume between the cones and the cylinder. 
Therefore the volume of the sphere is the difference of the 
volume of the cylinder and twice the volume of one cone, that is, 

2 12 ij. o 

7 rr • 2r - 2 * ^nrr • r ~ ^irr . 
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Using the formula for the volume of a sphere, we can get a 
formula for the area of the surface of a sphere. Given a sphere 
of radius r, form a slightly larger sphere, of radius r + h. 
The solid lying between the two spherical surfaces is called a 
spherical shell, and looks like this: 

h 


Let the surface area of the inner sphere be S. The volume V 
the shell is then approximately hS. Thus, approximately, S = 
As the shell gets thinner, the approximation gets better and 
better. Thus, as h gets smaller and smaller, we have 



But we can calculate ~ exactly, and see what it approaches 
when h becomes smaller and smaller. This will tell us what S 
is . The volume V is the difference of the volumes of the two 
spheres. Therefore: 

V = -i^r(r + h) 3 - -^rr 3 

= ^ir[ (r + h) 3 - r 3 ] 

= ^r[r 3 + 3r 2 h + 3rh 2 + h 3 - r 3 ] 

= ^jr[3r 2 h + 3rh 2 + h 3 ]. 

O 

(You should check, by multiplication, that (r + h) 

= r 3 + 3r 3 h + 3rh 2 + h 3 .) 

Therefore ^ = ^?r[3r 2 + 3rh + h 2 ] 

2 4 T 

= 4irr + h [ 4irr + -vmh ]. 

Here the entire second term approaches zero, because h—>0. 

p O 

4irr , and so S = 4irr . Thus we have the theorem: 



Therefore 


o >|,£ 
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Theorem 16-17 . The surface area of a sphere of radius r is 

S = 47rr^. 

Thus we end this chapter with the interesting fact that the 

p 

surface area of a sphere of radius r is 4ttt . Have you noticed 
that the surface area is exactly 4 times as great as the area 
of a great circle of the sphere? 


Problem Set 16-5 


1. Compute the surface area and the volume of a sphere having 
diameter 8. 


2. The radius of one sphere is twice as great as the radius of a 
second sphere. State a ratio expressing a comparison of their 
surface areas; their volumes. If the radius of one sphere is 
three times as great as the radius of another sphere, compare 
their surface areas; their volumes. 


3. A spherical storage tank has a radius of 7 feet. How many 

np 

gallons will it hold? (Use ir = y.) 

4. A large storage shed is in the 
shape of a hemisphere. The 
shed Is to be painted. If the 
floor of the shed required 17 
gallons of paint, how much 
paint will be needed to cover 
the exterior of the shed? 



5. It was shown by Archimedes (287-212 B.C.) that the volume of 

p 

a sphere is that of the smallest right circular cylinder 
which can contain it. Verify this. 

6, An ice cream cone 5 inches deep and 2 Inches in top 
diameter has placed on top of It two hemispherical scoops of 
ice cream also of 2 inch diameter. If the ice cream melts 
into the cone, will it overflow? 
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7 . a. Show that if the length of a side of one cube is four 

times that of another cube the ratio of their volumes 
is 64 to 1. 

b. The moon has a diameter about ^ that of the earth. 

How do their volumes compare? 

8. In the figure, the sphere, with 
radius r, is inscribed in the 
cone. The measure of the angles 
between the altitude and the 
radii to points of tangency are 
as shown. Find the volume of 
the cone in terms of r. 

*9. The city engineer who was six feet tall walked up to inspect 
the new spherical water tank. When he had walked to a place 
18 feet from the point where the tank rested on the ground 
he bumped his head on the tank. Knowing that the city used 
10,000 gallons of water per hour, he immediately figured 
how many hours one tank full would last. How did he do it 
and what was his result? 

*10. Half the air is let out of a rubber balloon. If it continues 
to be spherical in shape how does the resulting radius 
compare with the original radius? 

*11. Use the method by which Theorem 
16-17 was derived to show that 
the lateral area of a right 
circular cylinder is 27rra 
where a is its altitude and 
r the radius of its base. 
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Review Problems 

1. If the base of a pyramid Is a region whose boundary is a 
rhombus with side 16 and an angle whose measure is 120, 
then 

a. any cross-section is a region whose boundary is a 

and whose angles measure _ and _. 

b. the length of a side of a cross-section midway between 

the vertex and the base is _. 

c. the area of a cross-section midway between the vertex 

and the base is _. 

2. A spherical ball of diameter 5 has a hollow center of 
diameter 2. Find the approximate volume of the shell. 

3. Find the altitude of a cone whose radius Is 5 and whose 
volume Is 500. 

4. A pyramid has an altitude of 12 inches and volume of 432 
cubic inches. What is the area of a cross-section 4 inches 
above the base? 

5. Given two cones such that the altitude of the first is twice 
the altitude of the second and the radius of the base of the 
first is half the radius of the base of the second. How do 
the volumes compare? 

6. A cylindrical can with radius 12 and height 20 is full of 
water. If a sphere of radius 10 is lowered into the can 
and then removed, what volume of water will remain In the 
can? 

7< A sphere is Inscribed In a right circular cylinder, so that 
It Is tangent to both bases. What is the ratio of the volume 
of the sphere to the volume of the cylinder? 
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*8. The altitude of a right circular 
cone is 15 and the radius of 
its base is 8. A cylindrical 
hole of diameter 6 is drilled 
through the cone with the center 
of the drill following the axis 
of the cone, leaving a solid as 
shown in the figure. What is 
the volume of this solid? 



9. Prove: If the base of a pyramid is a parallelogram region, 
the plane determined by the vertex of the pyramid and a 
diagonal of the base divides the pyramid into two pyramids 
of equal volume. 


*10. Prove that a sphere can be circumscribed about a rectangular 
parallelepiped. 






Chapter 17 

PLANE COORDINATE GEOMETRY 


17-1. Introduction . 

Mathematics Is the only science in which practically nothing 
ever has to be thrown away. Of course, mathematicians are people, 
and being people, they make mistakes. But these mistakes usually 
get caught pretty quickly. Therefore, when one generation has 
learned something about mathematics, the next generation can go on 
to learn some more, without having to stop to correct serious 
errors in the work that was supposed to have been done already. 

One symptom of this situation is the fact that nearly every¬ 
thing that you have been learning about geometry, so far in this 
course, was known to the ancient-Greeks, over two thousand years 
ago. 

The first really big step forward in geometry, after the 
Greeks, was in the seventeenth century. This was ,the discovery 
of a new method, called coordinate geometry , by Rene Descartes 
(1596-1650). In this chapter we will give a short introduction 
to coordinate geometry -- just about enough to give you an idea 
of what it is like and how it works. 


17-2. Coordinate Systems in a Plane . 

In Chapter 2 we learned how to set up coordinate systems on 
a line. 

*—I-1-1-1—+-1—I-1-H—* 

-2 -•§- -i 0 x I 2 3* 


Once we have set up a coordinate system, every number describes 
a point, and every point P is determined when its coordinate x 
is named. 
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In coordinate geometry, we do the same sort of thing in a 
plane , except that in a plane a point is described not by a single 
number, but by a pair of numbers. The scheme works like this: 


2 - 


Y 


I 


+ 


-2 



2 


❖X 


First we take a line X in the plane, and set up a coordinate 
system on X, This line will be called the x-axls . In a figure 
we usually use an arrow-head to emphasize the positive direction 
on the x-axis. 

Next we let Y be the perpendicular to the x-axis through 
the point 0 whose coordinate is zero, and we set up a coordinate 
system on Y. By the Ruler Placement Postulate this can be done 
so that point 0 also tjas coordinate zero on Y. Y will be 
called, the y-axls . As before, we Indicate the positive direction 
by an arrow-head. The intersection 0 of the two axes is called 
the origin . 

We can now describe any point in the plane by a pair of 
numbers. The scheme Is this. Given a point P, we drop a 
perpendicular to the x-axis, ending at a point M, with co¬ 
ordinate x. We drop a perpendicular to the y-axi's, ending at 
a point N, with coordinate y. (in accord with Section 10-3 
we can call M and N the projections of P into X and Y.) 
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Definitions ; The numbers x and y are called the 
coordinates of the point Pj x Is the x-coordinate and y 
Is the y-coordlnate . 


Y 



In the figure x = l-^ and y = 2^. The point P therefore 
has coordinates 1^ and 2 ^. We write these coordinates in the 
form (1-^,2^), giving the x-coordinate first. To indicate 
that point P has these coordinates we write P( 1-^,2^) or 

ps(14.23)• 
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Let us look at some more examples. 


Y 



We read off the coordinates of the points by following the dotted 
lines. Thus the coordinates, in each case, are as follows: 


^( 2 , 1 ) 

P a (l,2) 

P 3 (-l,3) 

P 4 (-3,l) 

P 5 (-2,-3) 

P 6 (2>-2) 

P t (4,-4) 
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Notice that the order, in which the coordinates are written 
makes a difference. The point with coordinates "(2,1) is not the 
same as point (1,2). Thus, the coordinates of a point are really 
an ordered pair of real numbers, and you can't tell where the 
point is unless you know the order in which the coordinates are 
given. The convention of having the first number of the ordered 
pair be the x-coordinate, and the second the y-coordinate, is 
highly important. 

Just as a single line separates the plane into two-parts 
(called half-planes) so the two axes separate the plane into four 
parts, called quadrants . The quadrants are identified by number, 
like this: 

Y 



We have shown that any point of our plane determines an 
ordered pair of numbers. Can we reverse the process? That is, 
given a pair of numbers (a,b) can we find a point whose coordin¬ 
ates are (a,b)? The answer is easily seen to be "yes". In fact, 
there is exactly one such point, obtained as the intersection of 
the line perpendicular to the x-axis at the point whose coordinate 
is a and the line perpendicular to the y-axls at the point whose 
coordinate is b. 

Thus, we have a one-to-one correspondence between points in 
the plane and ordered pairs of numbers. Such a correspondence is 
called a coordinate system in the plane. A coordinate system is 
specified by choosing a measure of distance, an x-axis, a y-axis 
perpendicular to it and a positive direction on each. As long as 
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we stick to a specific coordinate system, which will be the case 
in all our problems in this book, each point P Is associated 
with exactly one number pair (a,b), and each number pair with 
exactly one point. Hence, it will cause no confusion if we say 
the number pair _is_ the point, thus enabling us to use such con¬ 
venient phrases as "the point (2,3)" or "P - (a,b)". 


17-3. How to Plot Points on Graph Paper . 

As a matter of convenience, we ordinarily use printed graph 
paper for drawing figures in coordinate geometry. The horizontal 
and vertical lines are printed; we have to draw everything else 
for ourselves. 
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In the figure above, the dotted lines represent the lines that are 
already printed on the paper. The x-axis and the y-axis should be 
drawn with a pen or a pencil. Notice that the x-axis is labeled 
x rather than X; this is customary. Here the symbol x is not 
the name of anything, but merely a reminder that the coordinates 
on this axis are going to be denoted by the letter x. Similarly, 
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for the y-axis. Next, the points with coordinates (1,0) and 
(0,1) must be labeled in order to indicate the unit to be used. 

This is the usual way of preparing graph paper for plotting 
points. We could have indicated a little less or a lot more. 

For your own convenience, it is a good idea to show more than this. 
But if you show less, then your work may be actually unintelligible. 

Note that we could draw the axes in any of the following 
positions: 



AX 


>y 


*y 


and so on. There is nothing logically wrong with any of these 
ways of drawing the axes . People find it easier to read each 
other's graphs, however, if they agree at the outset that the 
x-axis is to be horizontal, with coordinates increasing from 
left to right, and the y-axis is to be vertical, with coordinates 
increasing from bottom to top. 
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Problem Set 17-3 


1. Suggest why the kind of coordinate system used in this chapter 
is sometimes called "Cartesian". 

2. What are the coordinates of the origin' 1 ' 

3. What is the y-coordinate of the point (7,-3)? 

4. Name the point which Ls the projection of (0,-4) into the 
x-axls. 

5. Which pair of points are closer together, (2,1) and (l,2) 
or (2,1) and (2,0)? 

6. In which quadrant is each of the following points 9 

a. (5,-3). c. (5,3). 

b. (“5,3). d. (-5,-3). 

7. What are the coordinates of a point which does not lie in 
any quadrant? 

8. The following points are projected into the x-axls. Write 
them in such an order that their projections will be in 
order from left to right. 

A:(6,-3)- B:(-2,5). C:(0,-4). D:(-5,0). 

9. If the points in the previous problem are projected into the 
y-axis arrange them so their projections will be in order 
from bottom to top. 


If s 

is a negative number 

and r 

a positive number, 

what 

quadrant will each of 

the following points lie? 

a. 

(s,r) . 

e. 

(r,s). 

b. 

(-s,r). 

f. 

(r,-s). 

c. 

(-s,-r). 

g- 

(-r,-s). 

d. 

(s,-r) . 

h. 

(-r,s). 
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11. Set up a. coordihate system on graph paper. Using segments 
draw some simple picture on the paper. On a separate paper, 
list in pairs the coordinates of the end points of the 
segments in your picture. Exchange your list of coordinates 
with another student, and reproduce the picture suggested 
by his list of coordinates. 

*12. A three dimensional coordinate system can be formed by 

considering three mutually perpendicular axes as shown. The 
y-axis, while drawn on this paper, represents a line per¬ 
pendicular to the plane of the paper. 

The negative portions of the 
x, y and z axes extend to 
the left, to the rear, and 
down respectively. Taken in 
pairs the three axes determine 
three planes called the yz- 
plane, the xz-plane, and the 
xy-plane. A point (x,y,z) 
is located by its three co¬ 
ordinates : the x-coordinate 
is the coordinate of its projection into the x-axis; the 
y and z coordinates are defined in a corresponding manner. 

a. On which axis will each of these points lie? 

(0,5,0); (-1,0,0); (0,0,8).' 

b. On which plane will each of these points lie? 

(2,0,3); (0,5,-7); (1,1,0). 

c. What is the distance of the point (3,-2,4) from the 
xy-plane? from the xz-plane? from the yz-plane? 
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17-4. The Slope of a Non - Vertical Line . 

The x-axis, and all lines parallel to It, are called 
horizontal . The y-axis, and all lines parallel to It, are called 
vertical . Notice that these terms are defined in terms of the 
coordinate system that we have set -up. 



On the horizontal line all points have the same y-coordlnate 

b, because the point (0,b) on the y-axis Is the foot of all the 
perpendiculars from points of L^. For the same sort of reason, 
all points of the vertical line Lg have the same x-coordinate 
a. Of course, a segment is horizontal (or vertical) if the line 
containing it Is horizontal (or vertical). 

Consider now a segment P-jPg, where P 1 = (x 1 ,y- L ) and 

^2 = ( x 2*72^ > an< ^ suppose that P-^Pg no ^ ver hical. 
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Definition : The slope of P-^ is the numbe:c ’ m 




This really is a number: since the segment is not vertical, 
p and P 2 have different x-coordinates, and so the denominator 
is not zero. Some things about the slope are easy to see. 

(1) It is Important that the order of naming the coordinates 
is the same in the numerator as in the denominator. Thus, if we 
wish to find the slope of PQ, where P = (1,3) and Q = (4,2) 
we can either choose P 1 = P, x 1 = 1, y^^ = 3, P g = Q, x 2 = 4, 

- 2-3 1 

y 2 = 2, giving slope of PQ = -q— _ ■ ^ = - g-; 


or P 1 = Q, x 1 
giving slope of 




y 2 " 


3, 


What we ca nnot say is 
slope of 


po_ 3 - 2 


or 


2-3 


Notice that if the points are named in reverse order, the 
slope is the same as before. Algebraically, 

y l “ y 2 


*i - x 2 


y 2 ~ y l 
x« - x ' 


Thus the value of m depends only on the segment, not on the order 
in which the end-points are named. 

(2) If m = 0, then the segment is horizontal. (Algebraical¬ 
ly, a fraction is zero only if its numerator is zero, and this means 
that y 2 - y 1 .) 

(3) If the segment slopes upward from left to right, as in 

the left hand figure on page 578 , then m > 0 , because the numerator 
and denominator are both positive'(or both negative, if we reverse 
the order of the end-points.) 


[sec. 17-4] 
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(4) If the segment slopes upward from right to left as in 
the right hand figure below, then m < 0, This is because m 
can be written as a fraction with a positive numerator y 2 v y 
and a negative denominator x 2 - x 1 (or equivalently, a negative 
numerator y 1 - y g and a positive denominator x 1 - x 2 ). 



(5) We do not try to write the slope of a vertical segment, 
because the denominator would be zero, and so the fraction would 
be meaningless. 

In either of the two figures above, we can complete a right 
triangle A P^PgRi drawin S horizontal and vertical lines 

through P-l and P 2 , like this: 



Since opposite sides of a rectangle are congruent, it is easy to 
see that 
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(1) 

if 

m > 0, 

then 

rp 2 

m = P^R 

(2) 

if 

m < 0, 

then 

RP 2 
m = “P7R 


1 


Once we know this much about slopes, it is easy to get our 
first basic theorem. 

Theorem 17-1 , On a non-vertical line, all segments have the 
same slope. 

Proof: There are three cases to be considered. 

Case (l): If the line is horizontal all segments on it have 
slope zero. 



In either of the other cases illustrated above-, /_ a s ^ a', 
and since the triangles are right triangles, this means that 

A P 1 P 2 r ~ A P 1 'P 2 , R' . 

Therefore, In either case, 

RP 2 R'P 2 ' 

rp = 


580 


In Case (2), these fractions are the slopes of and ~p 4p4 

and therefore the segments have the same slope, in Case (3), the 
slopes are the negatives of the same fractions, and are therefore 
equal. 

Theorem 17-1 means that we can talk not only about the slopes 
of segments hut also about the slopes of lines; the slope of a 
non-vertical line is the number m which is the slope of every 
segment of the line. 


Problem Set 17-4 

1. Replace the "?" in such a way that the line through the two 
points will be horizontal. 

a. (5,7) and (-3,?). 

b. (0,-1) and (4,?). 

c. (x 1 ,y 1 ) and (x 2 ,?). 

2. Replace the "?" in such a way that the line through the two 
points will be vertical. 

a. (?,2) and (6,-4). 

b. (-3,-1) and (?,0). 

c. (x 1 ,y 1 ) and (?,y 2 ). 

3. By visualizing the points on a coordinate system in parts (a), 
(b), and (c), give the distance between; 

a. (5,0) and (7,0). 

b. (5,1) and (7,1). 

c. (-3,-4) and (-6,-4). 

d. What is alike about parts (a), (b) and (c)? 



e. State a rule giving an easy method for finding the 
distance between such pairs of points. 

f. Does your rule apply to the distance between (6,5) and 
(3,-5)? 

4. By visualizing the points named in parts (a), (b), (c) and 
(d) on a coordinate system, give the distance between the 
points in each part. 


a. 

(7,-3) and (7,0). 


b. 

(-3,1) and (-3,-1). 


c , 

( 6 , 8 ) and (6,4). 


d. 

(x 1 ,y 1 ) and (x ] _,y 2 ) . 


e. 

What is alike about parts (a), (b), (c) 

and (d)? 

f. 

State a rule giving an easy method for 
distance between such pairs of points. 

finding the 

With perpendiculars drawn as shown below, what are the co¬ 
ordinates of A, B and C? 




6. Determine the distances from P and Q, to points A, B 
and 0 in Problem 5. 

7. Compute the slope of PQ, for each figure in Problem 5. 

8. A road goes up 2 feet for every 30 feet of horizontal 
distance. What is its slope? 
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9. Determine the slope of the segment joining each of the follow- 
lng point pairs. 

a. (0,0) and (6,2), 

b. (0,0) and (2,-6). 

o. (3,5) and (7,12). 

d. (0,0) and (-4,-3). 

e, (-5,7) and (3,-8). 

f ■ (p-j) an( * * 

g. (-2.8,3.1) and (2.2,-1.9). 

h. ('gTRJ' 0 ) and * 

10. Replace the "?" by a number so that the line through the two 
points will have the slope given. (Hint: Substitute in the 
slope formula.) 

a. (5,2) and (?,6). m = 4. 

b, (-3,1) and (4,?). m = 

^ . -ft <—> 4— 

*11. PA and PB are non-vertical lines. Prove that PA = PB 
if and only if they have the same slope; and consequently 
if PA and PB have different slopes, then P, A and B, 
cannot be collinear. 

12. a. Is the point B(4,13) on the line joining A(l,l) to 
C( 5, 17) ? (Hint: is the slope of AB the same as that 
of BO?) 

* 

b. Is the point (2,-l) on the segment joining (-5,4) 
to (6,-8)? 
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13. Determine the slope of a segment joining: 
a. ( 0 ,n) and (n, 0 ). 



b. ( 2 d,- 2 d) and 

( 0 ,d). 




c. (a +b ,a) and 

(a - b,b). 



14. 

Given A:(101,102), 

B^5,6), 

C:(-95,-94), 

determine 


whether or not lines 

AB and 

BC coincide. 


15- 

Given A:(101,102), 

B:(5,6), 

C:(202,203), 

D:(203,204). 


Are 'ts and CD parallel? 

Could they possibly coincide? 

16 . 

Draw the part of the 

: first quadrant of a coordinate system 


having coordinates less than or equal to 5* Draw a segment 
through the origin which, if extended, would pass through 
P(80000000,60000000). 


17 - 5 . Parallel and Perpendicular Lines . 

It is easy to see the algebraic condition for two non-vertical 

lines to be parallel. 



If the lines are parallel, then A PQR ~ A P'Q'R' , and it follows, 
as in the proof of the preceding theorem, that they have the same 

slope. 
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Conversely, if two different lines have the same slope, then 
they are parallel, We prove this by the method of contradiction. 



If aB shown in the figure P 1 is their point of intersection, 
and Pg and have the same x-coordinate Xg, the slope of 

y ? - y-. y 3 - y x 

L, Is m, = -=-—, and the slope of L 0 is m 0 = -—. 

x x ^2 — *2 "" 

Since y^ / y 2 , the fractions cannot be equal, and hence 

/ mg. Thus our initial assumption that the two lines 

and Lg were not parallel has led us to a contradiction of the 
hypothesis that = mg. Hence the two lines and Lg must 
be parallel. 

Thus we have the theorem; 

Theorem 17-2 . Two non-vertical lines are parallel if and 
only if they have the same slope. 
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Now turning to the condition for two lines to be perpendicular, 
let us suppose that we have given two perpendicular lines, neither 



Let P be their point of Intersection. As in the figure, let Q 
be a point of one of the lines, lying above and to the right of 
P. And let Q’ be a point of the other line, lying above and to 
the left of P, such that PQ' = PQ. We complete the right 
triangles A PQR and A Q’PR' as Indicated in the figure. Then 


Therefore 


and hence 


A PQR = A Q'PR'. (Why?) 
Q'R 1 = PR and R'P = RQ. 


Q’R’ 

W 


PR 

W 


Let m be the slope of PQ, and let m' be the slope of 
Then 





and 


Q'R' 

W~ 


PR 

RQ' 


1 

Therefore m' 

m 

That is, the slopes of perpendicular lines are the negative 
reciprocals of each other. 
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i 

Suppose, conversely, 4hat we know that m' =- —. We then 
construct A PQR as before, and we construct the right triangle 
A Q'PR 1 making R'P = RQ. We can then prove that Q'R' = PR; 
this gives the same congruence, A PQR = A Q'PR', * as before, and 
it follows that [_ Q' PQ is a right angle and hence PQ, PQ' . 

These two facts are stated together in the following theorem: 

Theorem 17-3 , Two non-vertical lines are perpendicular if 
and only if their slopes are the negative reciprocals of each 
other. 

Notice that while Theorems 17-2 and 17-3 tell us nothing 
about vertical lines, they don't really need to, because the whole 
problem of parallelism and perpendicularity is trivial when one 
of the lines is vertical. If L is vertical, then L 1 is parallel 
to L if and only if L 1 is also vertical (and different from L.) 
And if L is vertical, then L 1 is perpendicular to L if and 
only if L 1 is horizontal. 


Problem Set 17-5 

1. Pour points taken in pairs determine six segments. Which 

pairs of segments determined by the following four points 
are parallel? A(3,6)j B(5,9); 0(8,2); D(6,-l). (Caution: 

Two segments are not necessarily parallel if they have the 
same slope!) 

2. Show by considering slopes that a parallelogram is formed by 

drawing segments Joining in order A(-l,5), B(5,l), C(6,-2) 

and D(G,2). 

? 1 

3. Lines L^, Lg, L 3 and have slopes -j, ~4, -1^ 

and ^ respectively. Which pairs of lines are perpendicular? 
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4. It is asserted that both of the quadrilaterals whose vertices 
are given below are parallelograms. Without plotting the 
points, determine whether or not this is true. 

(1) A.: (-5,-2), B: (-4,2) , Cs (4,6), D:(3,l). 

(2) P:(-2,-2), Q:(4,2), R:(9,l), Si(3,-3). 

5. The vertices of a triangle are A(l6,0), B(9,2) and 

0 ( 0 , 0 ). 

a. What are the slopes of its sides? 

b. What are the slopes of its altitudes? 

6. Show that the quadrilateral joining A(-2,2), B(2,-2), 

C(4,2), and D(2,4) is a trapezoid with perpendicular 
diagonals. 

7. Show that a line through (3n,0) and (o,n) is parallel to 
a line through (6n,0) and (0,2n). 

8. Show that a line through (0,0) and (a,b) is perpendicular 

to a line through (0,0) and (-b,a). 

*9. Show that if a triangle has vertices X(r,s), Y(na + r,nb+s) 
and Z(-mb + r,ma+ s) it will have a right angle at X. 

10. Given the points P(l,2), Q(5,-6) and R(b,b); determine 
the value of b so that /_ PQR is a right angle. 

11. P = (a,1), Q = (3,2), R = (b,l), S = (4,2). Prove that 

and that if p Q I! RS then a = b - 1 ■ 


[sec. 17-5] 
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17-6. The Distance Formula . 

If we know the coordinates of two points P 1 and P g then 
we know where the points are, and so the distance is 

determined, Let us now find out how the distance can be calculated 
What we want is a formula that gives P^Pg in terms of the co¬ 
ordinates x-p Xg, y^ and yg. 



Let the projections' Mp Mg, N x and N g be as In the figure. 
By the Pythagorean Theorem, (P-^g) 2 = (P^) 2 + (RPg) 2 . 

also P-jR = M x M g and RPg = N-jNg, 

because opposite sides of a rectangle are congruent. 

Therefore (P^g) 2 = ( M i M 2 ) 2 + (N^) 2 . 

But we know that MjMg = jxg - x^J 

and N X N 2 = |y 2 - y x |. 

Therefore (P^g) 2 = l x 2 “ x il 2 + ly 2 “ 1 2 . 

Of course, the square of the absolute value of a number is the 

same as the square of the number itself. 
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Therefore (P-^) 2 = ( x 2 “ x i) 2 + ^2 “ y l^ J 

and since P-jPg ~ this means that 

Pi p 2 = v 1 fx'g - x i)^ + (y 2 - y^ 2 - 

This Is the formula that we are looking for. Thus we have the 
theorem: 


Theorem 17-4 . (The Distance Formula.) The distance between 
the points and (x 2 ,y 2 ) is e< 3 ual to 

V( x 2 " x i^ + ^ y 2 “ y l^ * 

For example, take P 1 = (-1,-3) and P g = (2,4). 


By formula, 


P 1 P 2 “ V (2 + l) 2 + (4 + 3)' 

= 7 9 + 49 
= 7 ~ 58 ^ 
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Of course, if we plot the points, as above, we can get the 
same answer directly from the Pythagorean Theorem; the legs of 
the right triangle A P-^RP 2 ^ave lengths 3 and 7, so that 

P-^Pg = 3 2 + 7 2 , as before. If we find the distance this way, 

we are of course simply repeating the derivation of the distance 
formula in a specific case. 

Problem Set 17-6 

1. a. Without using the distance formula state the distance 

between each pair of the points: A.(0,3), B(l,3), 

C(~3,3) and D(4.5,3). 

b. Without using the distance formula state the distance 
between each pair of the points: A.(2,0), B(2,l), 

C(2,-3) and 0(2,4.5). 

2. a. Write a simple formula for the distance between (x-^k) 

and (x 2 ,k). (Hint: The points would lie on a 
horizontal line.) 

b. Write a simple formula for the distance between (k,y^) 
and (k,y 2 ). 

3. Use the distance formula to find the distance between: 


a. 

(0,0) 

and 

(3,4). 

e. 

(3,8) 

and 

(-5,-7)• 

b. 

(0,0) 

and 

(3,-4). 

f. 

(-2,3) 

and 

(-1,4). 

c. 

(1,2) 

and 

(6,14). 

g- 

(10,1) 

and 

(49,81) 

d. 

(8,11) 

and 

(15,35). 

h. 

(-6,3) 

and 

(4,-2). 


4. a. Write a formula for the square of the distance between 
the points (x^y^) and (x 2 ,y 2 ). 

b. Using coordinates write and simplify the statement: 

The square of the distance between (0,0) and (x,y) 
is 25- 
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5 . Show that the triangle with vertices R(0,0), S(3,4) and 
T(-l,l) is isosceles by computing the lengths of its sides, 

6. Using the converse of the Pythagorean Theorem show that the 

triangle joining D(l,l), E(3,0) and p(4,7) is a right 

triangle with a right angle at D. 

7. Given the points A(-l,6), B(l,4) and C(7,-2). Prove, 

without plotting the points, that B is between A and C. 

8. Suppose the streets in a city form congruent square blocks 
with avenues running east-west and streets north-south. 

a. If you follow the sidewalks, how far would you have to 
walk from the comer of 4th avenue and 8th street to 
the comer of 7th avenue and 12th street? (Use the 
length of 1 block as your unit of length.) 

b. What would be the distance "as the crow flies" between 
the same two corners? 


9. Vertices W, X and Z of rectangle WXYZ have coordinates 
(0,0), (a,0) and (0,b) respectively. 


a. What are the coordinates of Y? 


* 10 . 


b. Prove, using coordinates, that WY = XZ. 

a. Using 3-dimensional coordinates (see Problem 12 of 
Problem Set 17-3), compute the distance between (0,0,0) 
and (2,3,6). 

b. Write a formula for the distance between (0,0,0) and 

. (x,y,z). 

c. Write a formula for the distance between ,z 1 ) 

and P 2 (x 2 ,y 2 J z 2 )• 
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17-7. The Mld r Polnt Formula . 

In Section 17-8 we will be proving geometric theorems by the 
use of coordinate systems. In some of these proofs, we will need 
to find the coordinates of the mid-point of a segment P-^Pg 
terms of the coordinates of P-^ and Pg. 

First let us take the case where and P 2 are on the 

x-axls, with x^ < x 2 , like this: 



and P is the mid-point, with coordinate x. Since x^ < x < x ? , 
we know that P-^P = x - x^ and PP 2 = x g - x. 

Since P Is the mid-point, this gives 

x - x 1 = x 2 - x, 

+ * 2 


In the same way, on the y-axis, 

y-. + y 2 
y - —5—■ 


Now we can handle the general case easily: 
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Since P is the mid-point of P-jPg, it follows by similar tri 
angles that R is the mid-point of P-^S. Since opposite sides 
of a rectangle are congruent, U is the mid-point of TV. 
Therefore _ , v 

x = -^-. 


In the same way, projecting into the y-axis, 


y = 


y x + y 2 

— r — 


we can show that 


Thus we have proved: 

Theorem 17-5 * (The Mid-Point Formula.) Let P-^ = (x^y-^) 
and let Pg = (Xg,y,p). Then the mid-point of P-^Pg I s the point 

„ , x i + x a n + ^ 

p - t-g-> -5-) • 


Problem Set 17-7 

1. Visualize the points whose coordinates are listed below and 
compute mentally the coordinates of the mid-point of the 


segment joining 

them. 

a. 

(0,0) 

and 

(0,12). 

b. 

(0,0) 

and 

(-5,0). 

c. 

(1,0) 

and 

(3,0). 

d. 

(0,-7) 

and 

(0,7). 

e. 

(4,4) 

and 

(-4,-4). 


2. Use the mid-point formula to compute the coordinates of the 
mid-point of the segments joining points with the following 
coordinates. 


a. 

(5,7) 

and 

(11,17). 

b. 

(-9,3) 

and 

(-2,-6) 

c. 

( M) 

and 
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cl. (2.51,-1-33) and , (0.65,3.55). 

e. (a,0) and (b,c). 

f. (r + s,r -a) and (~r,s). 

3. a. One end-point of a segment Is (4,0); the mid-point 

is (4,l). Visualize the location of these points and 
state, without applying formulas, the coordinates of 
the other end-point. 

b. One end-point of a segment is (13,19). The mid-point 
is (-9,30). Compute the x arid y coordinates of 
the other end-point by the appropriate formulas. 

4. A quadrilateral is a square if its diagonals are congruent, 

perpendicular, and bisect each other. Show this to be the 
case for the quadrilateral having vertices, A(2,1), B(7,4), 

C(4,9), and D(-l,6). 

5. If the vertices of a triangle are A(5,-l), B(l,5) and 

C(-3,l), what are the lengths of its medians? 


6 . 


7 . 


Given the quadrilateral joining A(3,-2), B(-3,4), C(l,8) 

and D(7,4), show that the quadrilateral formed by joining 


its mid-points in order is a parallelogram. 


Using coordinates, prove that 
two of the medians of the tri¬ 
angle with vertices (a,0), 
(-a,0) and (0,3a) are per¬ 
pendicular to each other. 



Relocate point P In the figure preceding Theorem 17-5, so 
that PP^ = ^P^Pg and find formulas for the coordinates of 
P in terms of the coordinates of P^ and Pg. (P is 
between P 1 and Pg, and x g > x 1 .) 
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*9. a. 


b. 


Prove: If P 1 = (x-^y^, P 2 = (x 2 ,y 2 ) and P = (x,y) 
and if P is between P 1 and ? 2 such that 



then x 


rx 2 + sx 1 
r + s 


and 


y = 


ry 2 + sy 1 
r + s 


Use the result of part (a) to find a point P on the 
segment joining P 1 (5,ll) and P 2 (25,36) such that 



17-8. Proofs of Geometric Theorems . 

Let us now put our coordinate systems to work in proving a 
few geometric theorems. We start with a theorem that we have 
already proved by other methods. 

Theorem A. The segment between the mid-points of two sides 
of a triangle is parallel to the third side and half as long. 

Restatement: In A ABC let D and E be the mid-points of 
AB and AC. Then DE |( BC" and DE = -|bC . 


A 



Proof: The first step in using coordinates to prove a 
theorem like this is to introduce a suitable coordinate system. 
That is, we must decide which line is to be the x-axis, which the 
y-axis, and which direction to take as positive along each axis. 
We have many choices, and sometimes a clever choice can greatly 
simplify our work. In the present case it seems reasonably 
simple to take BC as our x-axis, with BC as the positive 
direction. The y-axis we take to pass through A, with OA as 
the positive direction, like this: 
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The next step is to determine the coordinates of the various 
points of the figure. The x-coordinate of A is zero; the 
y-coordinate could be any positive number, so we write A = (o,p), 
with the only restriction on p being p > 0. Similarly, 

B = (q,0) and C = (r,0), with r > q. (Note that we might 
have any of the cases q<r<0, q<r=0, q<0<r, 

0 = q < r, 0<q<r. Our figure illustrates the third case.) 

The coordinates of D and E can now be found by the mid-point 
formula. We get 

D = > E = (75,^) • 

Therefore the slope of DE is 



(since q / r the denominator is not zero). 
Likewise, the slope of BC is 



and so DE || BC. Finally, by the distance formula, 

de -J (§ - f ) 2 + (f |) s = 

and BC = (r - q) 2 + (0 - 0) 2 = r - q, 

so that DE = ^BC. 
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The algebra In this proof can be made even easier by a simple 
device. Instead of setting A = (0,p), B = (q,0), C = (r,0) we 
could just as well have put A = (0,2p), B = (2q,0), C = (2r,0); 
that is, take p, q and r as half the coordinates of the points 
A, B and C. If we do it this way, then no fractions arise when 
we divide by 2 in the mid-point formula. This sort of thing 
happens fairly often; foresight at the beginning can take the place 
of patience later on. 

Theorem B. If the diagonals of a parallelogram are congruent, 
the parallelogram is a rectangle. 

Restatement: Let ABCD be a parallelogram, and let AC = BD. 
Then ABCD is a rectangle. 



Proof: Let us take the axes as shown in the figure. Then 
A = (0,0), and B = (p,0) with p > 0. If we assume nothing 
about the figure except that ABCD is a parallelogram D could 
be anywhere in the upper half-plane, so that D = (q,r) with 
r > 0, but no other restriction on q or r. However, C is 
now determined by the fact that ABCD is a parallelogram. It 
is fairly obvious (see the preceding proof for details) that for 
DC to be parallel to AB we must have C = (s,r) . s can be 
determined by the condition BC |j AD, like this: 

slope of BC = Slope of AD, 

£ - 0 = r - 0 or £_ = £ 

s-p q - O' s-p q J 

rq = r(s - p), 
q = s - p, (since r / 0) 


s = p + q. 
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(The coordinates (p + q,r) for C can be written down by 
Inspection if one is willing to assume earlier theorems about 
parallelograms, for example, that ABCD 1 b a parallelogram if 
AB - II CD and AB = CD.) 

Now we finally put in the condition that AC = BD. Using 
the distance formula, we get 

,/(p + 1 - 0) 2 + (r - 0) 2 =y<q - p) 2 + (r - O) 2 . 
Squaring gives 

(p + q) 2 + r 2 = (q - p) 2 + r 2 , 
p 2 + 2pq + q 2 + r 2 = q 2 - 2pq + p 2 + r 2 , 
or 4pq = 0. 

Now 4/0 and p / 0; hence, q = 0. This means that D lies 
on the y-axis, so that / BAD is a right angle and ABCD is a 
rectangle. 


Problem Set 17-8 

Prove the following theorems using coordinate geometry: 

1. The diagonals of a rectangle have equal lengths. 
(Hint: Place the axes as shown.) 



2. The mid-point of the hypotenuse of a right triangle Is 
equidistant from its three vertices. 

3. Every point on the perpendicular bisector of a segment is 
equidistant from the ends of the segment. (Hint: Select 
the axis in a position which will make the algebraic com¬ 
putation as simple as possible.) 


fsec. 17-81 
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4. 

5 - 


Every point equidistant from the ends of a segment lies on 
the perpendicular bisector of the segment. 


The diagonals of a parallelo¬ 
gram bisect each other. (Hint: 
Give the vertices of parallelo¬ 
gram ABGD the coordinates 
shown in the diagram. Show 
that both diagonals have the 
same mid-point.) 


F 



6. The line segment joining the mid-points of the diagonals of 
a trapezoid is parallel to the bases and equal in length to 
half the difference of their lengths. 

In the figure R and S are mid-points of the diagonals 

AC and BD of trapezoid ABCD. 

F 



7. The segments joining mid¬ 
points of opposite sides 
of any quadrilateral bisect 
each other. (The 4's in 
the diagram are suggested 
by the fact the mid-points 
of segments joining mid¬ 
points must be found.) 
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8, The area of A ABO Is 

) 

where A = (a,r), B = (b,s) 
and C = (c,t), (Hint; 

Find three trapezoids in 
the figure.) 

9. Given: In A XYZ, / X is 
acute and ZR is an altitude. 

Prove: ZY 2 = XZ 2 +XY 2 - 2XY * XR. 


10. If ABCD is any quadrilateral with diagonals, AC and' BD, 
and if M and N are the mid-points of these diagonals, 

then AB 2 + BC 2 + CD 2 + DA 2 = AC 2 + BD 2 + 4MN 2 . 

11. In A ABC, CM Is a median to side AB. 

Prove: AC 2 + BC 2 = + 2MC 2 . 

17-9. The Graph of a Condition . 

By a graph we mean simply a figure in the plane, that Is, a 
set of points. For example, triangles, rays, lines and half¬ 
planes are graphs. We can describe a graph by stating a condition 
which is satisfied by all points of the graph, and by no other 
points. Here are some examples showing a condition, a description 
of the graph, and the figure for each: 







Soi 


Condition Graph 


1. 

Both of the coordinates 

1. 

The 

first quadrant. 


of the point P are 
positive . 





2, 

The distance OP Is 

2. 

2. ■ 

The 

circle with center at 





the 

origin, and radius 2. 

3, 

OP < 1. 


3. 

The 

interior of the circle 





with center at the origin 





and 

radius 1 . 

4. 

X a 0. 


4. 

The 

y-axls. 

5. 

y = o. 


5- 

The 

x-axi3. 

6. 

x > 0 and y = 0. 


6. 

The 

ray OA, where 





A = 

(1,0). 

7. 

x « 0 and y < 0. 


7. 

The 

ray OB, where 





B = 

(0,-1). 

The 

seven graphs look like 

this: 





y 




1 . 


2 . 
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You should check: carefully, in each of these cases, that the graph 
is really accurately described by the condition in the left-hand 
column above. Notice that we use diagonal cross-hatching to 
indicate a region. 

If a graph is described by a certain condition, then the 
graph is called the graph of that condition.' For example, the 
first quadrant is the graph of the condition x > 0 and y > 0; 
the circle in Figure 2 is the graph of the condition OP = 2; the 
y-axis is the graph of the condition x = 0; the x-axis is the 
graph of the condition y a. 0; and so on. 

Very often the condition describing a graph will be stated in 
the form of an equation. In these cases we naturally speak of the 
graph of the given equation. 

If you remember Chapter 14, you have probably noticed that 
we are doing the same thing here that we did in Sections l4-l and 
14-2, namely, characterizing a set by a property of its points. 

The fact that here we use the word "graph" instead of "set" is 
not Important; it is simply customary to use the word "graph" 
when working with coordinate systems. 


Problem Set 17-9 


Sketch and describe the graphs of the conditions stated below: 


1. 

a. 

X = 5. 


b; 

1*1 - 5- 

2. 

a. 

y > 3. 


b. 

|y| < 3. 

3. 

0 

< x < 2. 

4. 

-1 

< x < 5. 

5. 

-2 

< y < 2. 

6. 

X 

< 0 and y 



x > 3 and y < -1. 
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7. 

8. a. x Is a positive integer. 

b. y is a positive Integer. 

c. Both x and y are positive integers. 

9. x > 0, y > 0, and y > x. 

10. 1 < x £ 3 and 1 <. y < 5* 

*11. |x| < 4 and |y| < 4. 

*12. |x| < 4 and |yj = 4. 

*13. y = |x| . 

*14. |x| = |y|f 

*15. |x| + |y| = 5- 


17-10. How to Describe a Line by an Equation . 

We are going to show that any line is the graph of a simple 
type of equation. We start by considering the condition which 
characterizes the line. 

Consider a non-vertical line L, with slope m. Let P 
be a point of L, with coordinates ( x ;L>y]_)* 
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Suppose that Q is some other point of L, with coordinates 
(x,y). Since PQ lies in L the slope of PQ must be m, 
and the coordinates of Q must satisfy the condition 

y - y x 


Notice that this equation is not satisfied by the coordinates of 
the point P, because when x = x-^ and y = y^, the left-hand 
side of the equation becomes the nonsensical expression 
which is not equal to m (or to anything else, for that matter). 
If we multiply both sides of this equation by x - X-j^ with 
x / x 1 , we get y - = m(x - x 1 ). 

This equation is still satisfied for every point on the line 
different from P. And it is also satisfied for the point P 
Itself, because when x = x^ and y = y^, the equation takes 
the form 0=0, which is a true statement. 

This is summarized in the following theorem: 

Theorem 17-6 . Let L be a non-vertical line with slope m, 
and let P be a point of L, with coordinates (x^y^,. For 
every point Q = (x,y) of L, the equation y - y^ = m(x - x^ 
is satisfied. 

You might think at first that we have proved that the line 
L is the graph of the equation y - y^ = m(x - x^). But to know 
that the latter Is true we need to know that (compare with 
Section 14-1): 

(1) Every point on L satisfies the equation; 

(2) Every point that satisfies the equation is on L. 

We have only shown (1), so we have still to show (2). We shall 
do this indirectly, by showing that if a point is not on L 
then it does not satisfy the equation. 
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Suppose that Q = (x,y) Is not on L, Then there is a 
point Q' » (x,y l ) which is on L, with y‘ ^ y, like this: 



y’ - y-. 

By Theorem 17-1 j —-— - m; 

x “ X 1 

hence y 1 = y-^ + m(x - x^). 

Since y 1 / y, this means that 

y / y x + m(x - x ± ). 

Therefore y - y-^ / m(x - x^. 

Therefore the equation is satisfied only by points of the line, 

We have now proved the very Important theorem: 

Theorem 17-7 . The graph of the equation 

y - y x = m(x - Xj) 

is the line that passes through the point (x i> y 1 ) and has 
slope m. 
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The equation given In Theorem 17-7 Is called the point - slope 
form of the equation of the line. Let us take an example: 



Here we have a line that passes through the points P = (1,2) 
and Q = (4,6). The slope is 


Using P = (l,2) as the fixed point, we get the equation 

(1) y - 2 - ^(x - 1). 

(Here y 1 = 2, x^ = 1, and m = -^.) In an equivalent form, 
this becomes (2) 3y - 6 = 4x - 4, (How?) 

or (3) 4x - 3y = -2. 

Notice, however, that while Equation (3) is simpler to look at 
if all we want to do is look at it, the Equation (l) is easier to 
Interpret geometrically. Theorem 17-7 tells us that the graph of 

the Equation (l) is the line that passes through the point 

. . 4 

P = (1,2) and has slope -j. 

The student can readily verify that we will get the same or 
an equivalent equation if we had used Q as the fixed point 
instead of P. 
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aiven an equation In the point-slope form, It is easy to see 
what the line is. For example, suppose that we have given the 
equation y - 2 » 3(x - 4). 

The line contains the point (4,2), and has slope m » 3. To 
draw a line on graph paper, we merely need to know the coordinates 
of one more point. If x » 0, then 

y - 2 - -12, 

and y » -10. 

Therefore, the point (0,-10) is on the line, and we can complete 
tne graph*. 



Logically speaking, this Is all that we need. As a practical 
matter, it is a very good Idea to check the coordinates of one 
more point. This point can be selected anywhere along the line, 
but to serve aS a good check it should not be too near the other 
two points. If we take x = 2, we get 

y - 2 = -6, or y = -4. 

As well as we can Judge from the figure, the point (2,-4) lies 
on the line. 
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At the beginning of this section we promised to show that 
any line is the graph of a simple type of equation. We have 
shown this for any non-vertical line, but we must still consider 
a vertical line. Suppose a vertical line crosses the x-axls at 
the point with coordinates (a,0), as in the figure. 


y 



Since the vertical line is perpendicular to the x-axis, every 
point of the line has its x-coordinate equal to a. Furthermore, 
any point not on the line will have its x-coordinate not equal 
to a. Hence, the condition which characterizes the vertical 
line is x = a, certainly a very simple type of equation. 


r o An 


~\ r 7_i n 1 
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Problem Set 17-10 

In each of the following problems, we have given the co¬ 
ordinates of a point P and the value of the slope m. Write 
the point-slope form of the equation of the corresponding line, 
and draw the graph. Check your work by checking the coordinates 
of at least one point that was not used in plotting the line. 

It is all right to draw several of these graphs on the same set 
of axes, as long as the figures do not become too crowded. 


1. 

P = 

(-1,2), 

m = 

4. 

2. 

P = 

(1,-D, 

m = 

-1. 

3. 

P = 

(0,5), 

m = 

1 

~U* 

4. 

P sx 

(-1,-4), 

m = 


5. 

p = 

•v 

CM 

1 

CO 

m = 

0 . 


By changing to a point-slope form where necessary, show that 
the graph of each of the following equations is a line. Then 
draw the graph and check, as in the preceding problems. 

6. y - 1 = 2(x - 4) . 

7. y = 2x - 7. 

8. 2x - y - 7 = 0. 

9 • y + 5 = + 3). 

10. x - 3y = 12. 

11. y = x. 

12. y = 2x. 

13. y = 2x - 6. 

14- . y = 2x + 5. 

15- x = 4. 

16 . x = 0. 

17. y = o. 
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18. Thinking in three-dimensional coordinates, describe in words 
the set of points represented by the following equations. 

For example, y = 0 is the equation of the xz-plane, that 
is, the plane determined by the x and z- axes. (Refer 
to Problem 12 of Problem Set 17-3.) 

a. x = 0. c. x = 1. 

b. z = 0. d. y = 2. 


17-11. Various Forms of the Equation of a Line. 

We already know how to write an equation for a non-vertical 
line if we know the slope m and the coordinates (x^,y^) of 
one point of the line. In this case we know that the line is the 
graph of the equation 

y - 7 1 - m(x - x x ), 
in the point-slope form. 

Definition : The point where the line crosses the y-axis is 

called the y-intercept . If this is the point (o,b), then the 
point-slope equation takes the form 

y - b = m(x - 0), 
y = mx + b. 

This is called the slope - intercept form. The number b is also 
called the y-intercept of the line. (When we see the phrase 
y-intercept , we will have to tell from the context whether the 
number b or the point (0,b) is meant.) Thus we have the 
following theorem: 

Theorem 17-8 . The graph of the equation 

y = mx + b 

is the line with slope m and y-intercept b. 


F aon 


17.1 1 1 
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If we have an equation given In this form, then It Is easy to 
draw the graph. All we need to do Is to give x any value other 
than 0, and find the corresponding value of y. We then have 
the coordinates of two points on the line, and can draw the line. 
For example, suppose that we have given 

y = 3x - 4. 

Obviously the point (0,-4) is on the graph. Setting x = 2, 
we get y = 6 - 4 = 2. 

Therefore the point (2,2) Is on the line, and the line therefore 
looks like this: 



As a check, we find that for x = 1, 

y = 3 - 4 = -1, 

and the point (l,-l) lies on the graph, as well as we can judge. 


[sec. 17-11] 
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Notice that once we have Theorem 17-8, we can prove that 
certain equations represent lines, by converting them to the 
slope-intercept form. For example, suppose we have given 
(1) 3x + 2y + 4 = 0. 

This is algebraically equivalent to the equation 

2y = -3x - 4, 

or (2) y = --|x - 2. 

Being equivalent. Equations (l) and (2) have the same graph. The 
graph of (2) is a line, namely, the line with slope m = and 
y-intercept b = -2. The graph of (l) is the same line. 


17-12. The General Form of the Equation of a. Line . 

Theorem 17-8, of course, applies only to non-vertical lines, 
because these are the ones that have slopes. Vertical lines are 
very simple objects, algebraically speaking, because they are the 
graphs of simple equations, of the form 

x = a. 

Thus we have two kinds of equations (y = mx + b and x = a) for 
non-vertical and vertical lines .respectively. We can tie all this 
together, including both cases, in the following way. 

Definition : By a linear equation in x and £ we mean an 
equation of the form 

Ax + By + C s= 0, 

where A and B are not both zero . 

The following two theorems describe the relation between 
geometry and algebra, as far as lines are concerned: 

Theorem 17-9 ■ Every line in the plane is the graph of a 
linear equation in x and y. 

Theorem 17-10 . The graph of a linear equation in x and y 
is always a line. 

Now that we have got this far, both of these theorems are 
very easy to prove. 
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Proof of Theorem 17-9: Let L be a line in the plane, if 
L Is vertical, then L is the graph of an equation 

x = a, 

or x - a = 0. 

This has the form Ax + By + C - 0, where A = 1, B = 0, a = -a. 

A and B are not both zero, because A = 1, and so the equation 

is linear. 

If L is not vertical, then L has a slope m and crosses 
the y-axis at some point (0,b) . Therefore L is the graph of 
the equation y = mx + b, 

or mx - y + b = 0. 

This has the form Ax + By + C = 0, where A = m, B = -l, C = b. 

A and B are not both zero, because B = ~1. Therefore the 

equation is linear. (Notice that it can easily happen that m = 0; 
this holds true for all horizontal lines . Notice also that the 
equation is not unique: e.g. 2Ax + 2By + 2C = 0 has the same 
graph as Ax + By + C = 0.) 

Proof of Theorem 17-10: Given the equation Ax ,+ By + C = 0 
with A and B not both zero. 

Case 1. If B = 0, then the equation has the form 

Ax = -C. 

Since B = 0, we know that A / 0, Therefore we can divide by 

n 

A, getting x = -. 

The graph of this equation Is a vertical line. 

Case 2. Suppose that B / 0. Then we can divide by B, 
getting gx + y + ^ = 0, 

or y = -§x " §• 

The graph of this equation Is a line, namely, the line with slope 

A C 

m = and y-intercept b = - g- 

To make sure that you understand what has been proved, in 
Theorems 17-9 and 17-10, you should notice carefully a certain 
thing that has not been proved. We have not proved that if a 


f cion 


17.101 
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given equation has a line as its graph, then the equation is 
linear. And in fact this latter statement is not true. For 
example, consider the equation 


x 


2 


= 0 . 


Now the only number whose square is zero is the number zero itself. 

2 

Therefore the equation x =0 says the same thing as the equation 
x = 0. Therefore the graph of the equation x = 0 is the y-axis, 
which is of course a line. Similarly, the graph of the equation 

y 17 = o 

is the x-axis. 

The same sort of thing can happen in cases where it is not so 
easy to see what is going on. For example, take the equation 

2 2 

x + y = 2xy. 

This can be written in the form 


x 2 - 2xy + y 2 = 0, 

or (x - y) 2 = 0. 

The graph is the same as the graph of the equation 

x - y = 0, 

or y = x. 

The graph is a line. 

Notice that the proof of Theorem 17-10 gives us a practical 
procedure for getting information about the line from the general 
equation. If B = 0, then we have the vertical line given by 
the equation 

Otherwise, we solve for y. 


x A . 


where the slope is 
and the y-intercept is 


getting 

v _ -A x - £ 
y - B x b* 

„ _ A 
m ~ "B 

h _ c 
b - - B - 
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Problem Set 17-12 

Sketch the graphs of the following equations: 

1. 2x + 5y = 7- 

2. iy - 2x + 3 = 0. 

3. x + 4 = 0. 

4. y + 4 = 0. 

Describe the graphs of the following equations: 

5. 0 • x + 0 ■ y = 0, 

6. 0 « x + 0 • y = 2. 

2 2 

7. x^ + y = 0. 

8. x 2 = -1. 

Sketch the graphs of the following conditions: 

9. 3x + 4y = 0 and x < 0. 

10. 5x - 2y = 0 and 5 < y < 10. 

11. (x + y) 2 = 0. 

12. (y - l) 54 = 0. 

Find linear equations (Ax + By + C = 0) of which the 
following lines are the graphs. State the values for A, 

B, C In your answer. 

13. The line through ( 1 ,2) with slope 3. 

14. The line through (1,0) and (0,1). 

15- The line with slope 2 and y-lntercept -4. 

16. The x-axls. 

17. The y-axis. 

18. The horizontal line through (-5,-3). 

19. The vertical line through (-5,-3). 

20. The line through the origin and a the mid-point of the segment 
with end-points (3,2) and (7,0). 
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17-13. Intersections of Lines . 

Suppose that we have given the equations of two lines, like 

this: 

L-j.: 2x + y = 4, 

L 2 : x - y = -1. 

These lines are not parallel, because the slope of the first is 
m 1 = -2, and the slope of the second is = 1. Therefore, 
they intersect in some point P = (x,y). The pair of numbers 
(x,y) must satisfy both equations. Therefore the geometric 
problem of finding the point P is_ equivalent to the algebraic 
problem of solving a system of two linear equations in two unknowns . 

To solve the system is easy. Adding the two equations, we 
get 3x = 3, 

or x = 1. 

Substituting 1 for x in the second equation, we get y - 2. 

The values x = 1, y = 2 will also satisfy the first equation. 

Do they? 

Therefore P =.(1,2). The graph makes this look plausible: 
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This method always gives the answer to our problem, whenever 
our problem has an answer, that is, whenever the graphs of the two 
equations intersect. If the lines are parallel, then the corre¬ 
sponding system of equations will be inconsistent , that is, the 
solution of the system will be the empty set. This will be plain 
enough when we try to solve the system. 


Problem Set 17-13 


Find 

and 

the 

draw 

common solution of the following pairs 

their graphs. 

of equations 

a. 

y = 

2x and x + y = 7- 


b. 

y = 

2x and y - 2x = 3. 


c. 

X 4- 

y = 3 and 2y = 6 - 2x. 


a. 

The graphs of which pairs of the equations 
would be parallel lines? 

listed below 

b. 

Intersecting but not coincident lines? 


c. 

Coincident lines? 



The 

equations are 



(1) 

y = 3x + 1. 



(2) 

y = bx + 1. 



(3) 

2y = 6x + 2. 



(4) 

y - 3x = 2. 



3, Suppose the unit in our coordinate system is 1 mile. How 
many miles from the origin is the point where the line 
y = - 1 Q q 0 x - 4 crosses the x-axis? 
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Find the intersection of the 
graphs of the following pairs 
of conditions: 


a. 

y * 2x 

and 

y = 4. 


b. 

y = 2x 

and 

y > 4. 


c. 

y < 2x 

and 

y > 4. 

— 

d. 

What pair of 

conditions 



t (2,4) 



will determine the g 

interior of the angle 
shown in the figure? 

5. a. Sketch the intersection of the graphs of all three 

conditions x + y > 3, y < 4, x<2. v 

b. State the three conditions 
which would determine the 
Interior of the triangle (0 3), 

k 

I (3,0) 

6. Find an equation for the perpendicular bisector of the 
segment with end-points (3,4) and (5*8). 


7 . Find equations for the 
perpendicular bisectors 
of the sides of 
A (3,4)(5,8)(-1,10), 
and show that they inter¬ 
sect in a point. 
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*8. The following Instructions were found on an ancient document. 
"Start from the crossing of King's Road and Queen's Road. 
Proceeding north on King's Road, find first a pine tree, 
then a maple. Return to the crossing. West on Queen's Road 
there is an elm and east on Queen's Road there 3s a spruce. 
One magical point is where the elm-pine line meets the 
maple-spruce line. The other magical point is where the 
spruce-pine line meets the elm-maple line. The line Joining 
the two magical points meets Queen's Road where the treasure 
is burled." 

A search party found the elm 4 miles from the crossing, 
the spruce 2 miles from the crossing, and the pine 3 miles 
from the crossing, but there was no trace of the maple. 
Nevertheless they were able to find the treasure from the 
instructions. Show how this was done. 

One man in the party remarked on how fortunate they 
were to have found the pine still standing. The leader 
laughed and said, "We didn't need the pine tree either." 

Show that he was right. 

*9. One of the altitudes of the A ABO, where A = (-4,0), 

B = (7*0) j 0 = (0,8), is the y-axis. Why? Prove, using 
coordinate methods, that the altitudes from A and B 
meet on that axis. (Hint: Find the intersections of those 
altitudes with the y-axis.) 

Do the same for the triangle with vertices (a,0), (b,0), 

(0,c). 
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*10. The centroid of a triangle is defined as the Intersection of 
the three medians. Prove that the coordinates of the 
centroid are just the averages of the coordinates' of the 
vertices. 

*11. Find the distance from the point (1,2) to the line 
x + 3y + 1 = 0. 

*12. Find the distance from the point (a,b) to the line y = x. 

*13. In the general case of the triangle of Problem 9, let H be 
the point of concurrence of the altitudes, M the point of 
concurrence of the medians, and D the point of concurrence 
of the perpendicular bisectors of the sides. Prove, using 
Problems 9 and 10 that these three points are collinear, 
and that M divides DH in the ratio two to one (refer to 
Problem 8 of Problem Set 17-7) ■ 


17-14.' Circles. 

Consider the circle with center at the origin and radius r. 



This figure is defined by the condition 


OP = r. 
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Algebraically, in terms of the distance formula, this says that 

•\/(x - 0) 2 ~+ (y - 0) 2 = r, 
or 


2 2 2 
x + y = r . 


That is, if P(x,y) is a point of the circle then x 2 + y~ = r 

. 2.-22 


2 . _2 2 
r 

We still have to show that if x^ + y c = v c then P(x,y) . is a 
point of the circle. This we do by reversing the algebraic steps: 

2 2 2 

If x. + y = r 

then \/ (x - 0) 2 + (y - 0) 2 = r, 

since r is a positive number. This equation says that OP = r, 
and so P is a point of the circle. 

Consider, more generally, the circle with center at the point 
Q = (a,b) and radius r. 



This is defined by the condition QP = r, 

V ( x - a) 2 + (y - b) 2 = r, 


or 

or 


(x - a) 2 + (y - b) 2 = r 2 . 


In this case, also, the algebraic steps can be reversed, and so 
we can say that 

(x - a) 2 + (y - b) 2 = r 2 
is the equation of the circle. 
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This is the standard form of the equation of the circle, with 
center (a,to) and radius r. For future reference, let us state 
this result as a theorem. 

Theorem 17-11 • The graph of the equation 

(x - a) 2 + (y - b) 2 = r 2 

is the circle with center at (a,b) and radius r. 

If an equation is given in this form, we can read off 
immediately the radius and the coordinates of the center. For 
example, suppose that we have given the equation 

(x - 2) 2 + (y + 3) 2 = 4. 

The center is the point (2,-3), the radius Is 2, and the 
circle looks like this: 



So far, this is easy enough. But suppose that the standard 
form of the equation has fallen into the hands of someone who 
likes to "simplify" formulas algebraically. He would have 
"simplified" the equation like this: 

x 2 - 4x + 4 + y 2 -t- 6y + 9 = 4 

x 2 + y 2 - 4x + 6y + 9 = 0. 
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From his final form, it is not at all easy to see what the graph 
is. Sometimes we will find equations given in forms like this. 
Therefore we need to know how to "unslmpllfy" these forms so as 
to get back the standard form 

(x - a) 2 + (y - b) 2 = r 2 . 

The procedure is this. First we group the terms in x together, 
and the terms in y together, and write the equation with the 
constant term on the right, like this: 

x 2 - 4x + y 2 + 6y = -9. 

Then we see what constant should be added to the first two terms 
to complete a perfect square. Recall that to find this constant 
take half of the coefficient of x, and square the result. Here 
we get 4. The same process, applied to the third and fourth 
terms, shows that we should add 9 in order to make a perfect 
square. Thus we are going to add a total of 13 to the left- 
hand side of the equation. Therefore we must add 13 to the 
right-hand side. Now our equation takes the equivalent form 

x 2 - 4x + 4 + y 2 + 6y + 9 = -9 + 13, 

or (x - 2) 2 + (y + 3) 2 = 4, 

as before. 

If we multiply out and simplify in the standard form, we get 

p p ppp 

x + y - 2ax - 2by + a + b - r = 0. 

This has the form 

2 2 

x + y + Ax + By + C = 0. 

Thus we have the theorem: 

Theorem 17-12 . Every circle Is the graph of an equation of 
the form 

2 2 

x + y + Ax + By + C =* 0. 

It might seem reasonable to suppose that the converse IS also 
true. That is, we might think that every equation of the form 
that we have been discussing has a circle as Its graph. But thif 
is not true by any means. For example, consider the equation 


= 0 . 
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Here A, B and C are all zero. If x and y satisfy this 
equation, then x and y are both zero. That is, the graph of 
the equation is a single point, namely, the origin. 

Consider next the equation 

2 2 

x + y + 1 = 0 . 

Here A = B = 0 and C = 1. This equation Is not satisfied by 

p 

the coordinates of any point whatsoever. (Since x > 0 and 

p 

y 0 and 1 > 0 , it follows that x + y + 1 > 0 for every 
pair of real numbers x and y.) For this equation, the graph 
has no points at all , and is therefore the empty set. 

In fact, the only possibilities are the circle that we would 
normally expect, plus the two unexpected possibilities that we 
have just noted. 

Theorem 17-13 . Given the equation 
2 2 

x + y + Ax + By + C = 0. 

The graph of this equation is (l) a circle, (2) a point or 
(3) the empty set. 

Proof: Let us complete the square for the terms in x, and 
complete the square for the terms in y, just as we did In the 
particular case that we worked out above. This gives 

? a 2 p .2 .-,2 

x + Ax + -jj— + y + By + -jj— - -C + -jj— + -jj—, 
or (X + |) 2 + (y + §)* . 

p 

If the fraction on the right is positive* equal to r with 

A R 

r > 0, then the graph Is a circle with center at (- 75 ,-^) and 

radius r. If the fraction on the right is zero, then the graph 

A B 

Is the single point . If the fraction on the right is 

negative, then the equation is never satisfied, and the graph 
contains no points at all. 


[sec. 17-14] 
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1 . 


2 . 


3. 


Problem Set 17-14 

y 



a. Which of the following eight equations have graphs which 
are circles? 


b. 

Which of the circles 

would 

have centers at the origin 

c. 

Which would have centers oh an axis, but not at the 

origin? 

(1) 

x 2 + (y - l) 2 = 9* 

(5) 

(x - 2) 2 - (y - 9) 2 = 16 . 

(2) 

y = x 2 . 

(6) 

(x - 2) 2 + (y - 3) 2 = 16 . 

(3) 

x 2 + y 2 = 7- 

(7) 

3x 2 + y 2 = 4. 

(4) 

1 - x 2 = y 2 . 

(8) 

x 2 + y 2 = 0. 

Determine the center and 

circles. 

radius 

of each of the following 

a. 

x 2 + y 2 = 3 2 . 

f. 

(x - 4) 2 + (y - 3) 2 = 36. 

b. 

2 2 

x + y = 100. 

6* 

(x -i- l) 2 + (y + 5) 2 = 49. 

c. 

(x - l) 2 + y 2 = 16. 

h. 

x 2 - 2x + 1 + y 2 = 25 . 

d. 

x 2 + y 2 = 7. 

i. 

x 2 - 2x + y 2 = 24. 

e. 

y 2 = 4 - x 2 . 

j. 

x 2 + 6x + y 2 - 4y = 12. 


[sec. 17-14] 
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2 2 

4. A circle has the equation: x - lOx + y = 0. 

a. Show algebraically that the points (0,0), (1,3) and 

(2,4) all lie on the circle. 

b. Find the center and radius of the circle. 

c. Show that if (1,3) is joined to the ends of the 
diameter on the x-axis, a right angle is formed with 
vertex at ( 1 , 3 ). 

p p 

5 . a. Find the points where the circle (x - 3) + y =25 

is intersected by the x- and y-axes. 

b. Considering portions of the x- and y-axes as chords 

of the circle in part a., prove (as you should of course, 
expect from Theorem 13-14) that the products of the 
lengths of the parts into which each chord is divided 
by the other, are equal. 

6 . Draw the four circles obtained by choosing the various 
possible sign combinations in 

(x + l)^ + (y + 1 )^ = 1 . 

Then write the equations of the circle tangent to all four 
and containing them. Is there another circle tangent to all 
four. What is its radius? 

7. Draw the 4 circles given by 

2 2 2 2 
x + y = +I 0 x, x + y = + 10 y 

and write the equation of a circle tangent to all of them. 

p P 

8 . Given the circle x + y = 16 and the point K(-7,0). 

a. Find the equation (in point-slope form) of the line L m 
with slope m passing through the point K. 

b. Find the points (or point) of intersection of L m and 
the circle. 

c. For what values of m is there exactly one point of 
intersection? Interpret this result geometrically. 
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9. Find an equation for a circle tangent externally to the circle 

x 2 + y 2 - lOx - 6y + 30 = 0 
and also tangent to the x- and y-axes. 


REVIEW P RO BLEMS 

1. What are the coordinates of the projection Into the x-axis 
of the point (5>2)? 

2. Three of the vertices of a rectangle are (-1,-1), (3,-1) 
and (3,5). What Is the fourth vertex? 

3. An isosceles triangle has vertices (0,0), (4a,Q) and 

(2a,2b). What is the slope of the median from the origin? 
of the median from (2a,2b)? 

4 In Problem 3 what Is the slope of the altitude which contains 
the origin? 

5. What is the length of each of the medians of the triangle In 
Problem 3? 

6 . What is the slope of a line that Is parallel to a line which 
passes through the origin and through (-2,3). 

7. The vertices of a quadrilateral are (0,0), (5,5), (7,l) 

and (1,7). What are the lengths of Its diagonals? 

8 . What are the coordinates of the mid-points of segments joining 
the pairs of points in Problem 7? 

9. The-vertices of a square are labeled consecutively, P, Q, 

R and S. T is the mid-point of QR and U Is the mid¬ 
point of RS. PT intersects QU at V. 

a. Prove that PT = QU. 

b. Prove that PT J_ QU. 

*c. Prove that VS = PQ. 

(Hint: Let P = (0,0) and Q = (2a,0).) 
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10. Use coordinate geometry to prove the theorem: The median of 
a trapezoid bisects a diagonal. 

11. What is the equation whose graph is the y-axis? 

12. A rhombus ABCD has A at the origin and AB in the 
positive x-axis. m/ A = 45. AB = 6 . C is in the first 
quadrant. What is the equation of fi? I?? S 

13. The coordinates of the vertices of a trapezoid are, con¬ 
secutively, (0,0), (a,0), (b,c) and (d,c). Find the 
area of the trapezoid in terms of these coordinates. 

14. The graphs of the equations y = and y = -2x + 5 are 
perpendicular to each other at what point? 

15. Name the set of points such that the sum of the squares of 
the distances of each point from the two axes is 4. 

16 . Write the equation of the circle which has 


a. 

its 

radius 

7 

and center at the origin. 

b. 

its 

radius 

k 

and center at the origin. 

c. 

its 

radius 

3 

and center at (1,2). 


* 17 . Prove that the line x + y = 2 is tangent to the circle 
2 2 

x + y = 2. 
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Chapters 13 to 17 
REVIEW EXERCISES 

Write (l) if the statement is true and (0) if it is false. 

Be able to explain why you mark a statement false. 

1. If a line through the center of a circle is perpendicular to 
a chord of that circle, it bisects the chord. 

- ^^ 

2. If AB is a radius of a circle and CB Is tangent to the 

circle, then AB 

3. A line which bisects two chords of a circle is perpendicular 
to both of them. 

4. The intersection of the Interiors of two circles may be the 
interior of a circle'. 

5. Every point in the interior of a circle is the mid-point of 
exactly one chord of the circle. 

6 . The longer an arc is, the longer its chord is. 

7 . If a line Intersects a circle, the intersection consists of 
two points. 

8. If a plane and a sphere intersect, and If the intersection 
is not a circle, it Is a point. 

9. If a plane is tangent to a sphere, a line perpendicular to 
the plane at the point of tangency contains the center of 
the sphere, 

10. On a given circle, mXY + mYZ = m5c^, 

11. A 90° inscribed angle will always intercept a 45° arc. 

12. Two angles which intercept' the same arc are congruent. 

13. Congruent chords drawn In each of two concentric circles 
have congruent arcs. 



631 


14. If a triangle inscribed in a circle has no side intersecting 
a given diameter then the triangle contains an obtuse angle. 

15 . If two chords In a circle intersect, the ratio of the segments 
of one chord is equal to the ratio of the segments of the 
other chord. 

16. If AB is tangent to a circle at B and if < AC intersects 

O 

the circle at C and D, then AB = AC ■ AD. 

17. In a plane, the set of points equidistant from the ends of a 
segment is the perpendicular bisector of the segment. 

18. The set of points one Inch from a given line is a line 
parallel to the given line. 

19. Any point in the interior of an angle which is not equidistant 
from the sides of the angle does not lie on the bisector of 
the angle. 

20. The three altitudes of any right triangle are concurrent. 

21. Two circles intersect if the distance between their centers 
is less than the sum of their radii. 

22. The three angle bisectors of a triangle are concurrent at a 
point equidistant from the vertices of the triangle. 

23. The perpendicular bisectors of two sides of a triangle may 
Intersect outside the triangle. 

24. Using straight-edge and compass, it is possible to trisect 
a segment. 

25. In bisecting a given angle by the method shown in the text, 
it is necessary to draw at least four arcs. 

26. The ratio of radius to circumference is the same for all 
circles. 

1 2 

27 . The area of a circle of diameter d Is ^ird . 

28. A plane section of a triangular prism may be a parallelogram. 

29. A plane section of a triangular pyramid may be a parallelogram, 
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30. The volume of a triangular prism Is half the product of the 
area of Its base and its altitude. 

31. In any pyramid a section made by a plane which bisects the 
altitude and is parallel to the base has half the area of 
the base. 

32. Two pyramids with the same volume and the same base area 
have congruent altitudes. 

33. The volume of a pyramid with a square base is equal to one- 
third of its altitude multiplied by the square of a base 
edge. 

34. The area of the base of a cone can be found by dividing 
three times the volume by the altitude. 

35. The radius of the base of a circular cylinder Is given the 

formula where V is the volume of the cylinder and 

h its altitude. 

1 o 

36 . The volume of a sphere is given by the formula ^ird where 
d Is its diameter. 

37- The slope of a segment depends on the quadrant or quadrants 
in which the segment lies. 

38. If two segments have the same slope they are parallel. 

39* If the slopes of two lines are -2 and .5 the lines are 
perpendicular. 

40. If the coordinates of two points are (a,b) and (c,d), the 
distance between them is (d - b) + (c - a). 

41. If a segment joins (r,s) to (-r,-s), then its mid-point 
Is the origin. 

42. The point (-2,-1) lies on the graph of xy - 2x - y + 2 = 0. 

43. The distance between (3,0) and (4,0) is 5. 

44. If two vertices of a right triangle have coordinates (0,10) 
and (8,0) the third vertex is at the origin. 
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45 . If three vertices of a rectangle have coordinates (Q,m), 

(r,0) and (r,m) the fourth vertex is at the origin. 

46. The equation of a line with slope 2 and containing (3,4) 
is 4y + 3x = 2. 

47. The x-intercept of the graph of y=3x+9 is -3. 

48. The intersection of the graphs of y = 3x + 2 and y = 3x + 1 
is a single point. 

P 2 

49. The graph of x + y - 4 = 0 is a circle. 

50. The graph of every condition is either a line or a curve. 




Appendix VII 

HOW ERATOSTHENES MEASURED THE EARTH 

The circumference of the earth, at the equator, is about 
4-0,000 kilometers, or about 24,900 miles. Christopher Columbus 
appears to have thought that the earth was much smaller than this. 
At any rate, the West Indies got their name, because when Columbus 
reached them, he thought that he was already in India. His margin 
of error, therefore, was somewhat greater than the width of the 
Pacific Ocean. 

In the'thlrd century B.C., however, the circumference of the 
earth was measured, by a Greek mathematician, with an error of 
only one or two per cent. The man was Eratosthenes, and his 
method was as follows; 



Assuan 
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It was observed that at Assuan on the Nile, at noon on the 
Summer Solstice, the sun was exactly overhead. That Is, at noon 
of this particular day, a vertical pole cast no shadow at all, 
and the bottom of a deep well was completely lit up. 

In the figure, C is the center of the earth. At noon on 
the Summer Solstice, in Alexandria, Eratosthenes measured the 
angle marked a on the figure, that is, the angle between a 
vertical pole and the line of its shadow. He found that this 
angle was about 7°12', or about ^ of a complete circumference. 

Now the sun's rays, observed on earth, are very close to 

being parallel. Assuming that they are actually parallel, it 

follows when the lines and Lp in the figure are cut by 

a transversal, alternate interior angles are congruent, Therefore, 

/ a = / b. Therefore, the distance from Assuan to Alexandria must 
1 

be about of the circumference of the earth. 

The distance from Assuan to Alexandria was known to be about 
5,000 Greek stadia. (A stadium was an ancient unit of distance.) 
Eratosthenes concluded that the circumference of the earth must be 
about 250,000 stadia. Converting to miles, according to what 
ancient sources tell us about what Eratosthenes meant by a stadium, 
we get 24,662 miles. 

Thus Eratosthenes' error was well under two percent. Later, 
he changed his estimate to an even closer one, 252,000 stadia, 
but nobody seems to know on what basis he made the change. On 
the basis of the evidence, some historians believe that he was 
not only very clever and very careful, but also very lucky, 



Appendix VIII 
RIGID MOTION 


VIII-1. The General Idea of a Rigid Motion . 

In Chapters 5 and 13 we have defined congruence in a number 
of different ways, dealing with various kinds of figures. The 
complete list looks like this: 

(1) AB = CD if the two segments have the same length, that 
Is, if AB = CD. 

(2) /_ A « [_ B if the two angles have the same measure, 
that is, if A = B. 

(3) A ABC = A DEF if, under the correspondence ABC-*—^DEF, 
every two corresponding sides are congruent and every two corre¬ 
sponding angles are congruent. 

(4) Two circles are congruent if they have the same radius. 

(5) Two circular arcs AB and CD are congruent if the 
circles that contain them are congruent and the two arcs have the 
same degree measure. 

The intuitive idea of congruence is the same in all five of 
these cases. In each case, roughly speaking, two figures are 
congruent If one of them can be moved so as to coincide with the 
other; and In the case of triangles, a congruence is a way of 
moving the first figure so as to make it coincide with the second. 

At the beginning of our study of congruence, the scheme used 
in Chapters 5 and 13 is the easiest and probably the best. It is 
a pity, however, to have five different special ways of describ¬ 
ing the same basic idea in five special cases. And, in a way, it 
is a pity for this basic idea to be limited to these five special 
cases. For example, as a matter of common sense it is plain that 
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The same ought to he true for parallelograms, if corresponding 
sides and afigles are congruent, like this: 



It is plain, however, that none of our five special definitions of 
congruence applies to either of these cases . 

In this appendix, we shall explain the idea of a rigid motion . 
This Idea is defined in exactly the same way, regardless of the 
type of figure to which we happen to be applying it. We shall 
show that for segments, angles, triangles, circles and arcs it 
means exactly the same thing as congruence. Finally, we will 
show that the squares and parallelograms in the figures above can 
be made to coincide by rigid motion. Thus, first, the idea of 
congruence will be unified, and second, the range of its appli¬ 
cation will be extended. 

Before we give the general definition of a rigid motion, let 
us look at some, simple examples. Consider two opposite sides of 
a rectangle, like this: 

P Q 


P 1 Q' 

The vertical sides are dotted, because we’will not be especially 
concerned with them. For each-point P, Q, ... and so on, of 
the top edge let us drop a perpendicular to the bottom edge; and 
let the foot of the perpendicular be P 1 , Q,' ... and so on. 
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Under this procedure, to each point of the top edge there corre¬ 
sponds exactly one point of the bottom edge. And conversely, to 
each point of the bottom edge there corresponds exactly one point 
of the top edge. We can't write down all of the matching pairs 
P*—>P' , , ... and so on, because there are infinitely 

many of them. We can, however, give a general rule, explaining 
what is to correspond to what) and in fact, this is what we have 
done. Usually we will write down a typical pair 

P-e—>P' , 

and explain the rule by which the pairs are to be formed. 

Notice that the idea of a one-to-one correspondence is 
exactly the same in this case as it was when we were using it for 
triangles in Chapter 5* The only difference is that if we are 
matching up the vertices of two triangles, we can write down all 
of the matching pairs, because there are only three of them. 

(ABC <—>DEF means that A<—*D, B * —*E and C<—>F.)* At 
present we are talking about exactly the same sort of things, 
only there are too many of them to write down. 

It is very easy to check that if P and Q are any two 
points of the top edge, and P' and Q' are the corresponding 
points of the bottom edge, then 

PQ = P'Q' . 

This is true because the segments PQ and P'Q' are opposite 
sides of a rectangle., We express this fact by saying that the 
correspondence —»P’ preserves distances . 

The correspondence that we have just set up is our first and 
simplest example of a rigid motion . To be exact: 

Definition : Given two figures F and F 1 , a rigid motion 
between P and F' is a one-to-one correspondence 

P <—»P' 

between the points of P and the points of F', preserving dis¬ 
tances . 
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If the correspondence p«—>P' Is a rigid motion between 

F and F 1 , then we shall write 

F % F' . 

This notation is like the notation A ABC s A A'B'C' for con¬ 

gruences between triangles. We can read F % F 1 as "F is 

isometric to F' ." ("Isometric" means "equal measure.") 

Problem Set VIII-1 

1. Consider triangles A ABC and A A'B'C 1 , and suppose that 

A ABC =A A'B'C 1 . 

Let F be the set consisting of the vertices of the first 
triangle, and let F 1 be the set consisting of the vertices 
of the second triangle. Show that there is a rigid motion 

PS! P 1 . 

2. Let F be the set consisting of the vertices of a square of 
edge 1, and let F' be the set consisting of the vertices 
of another square of edge 1, as in the figure at the 
beginning of this Appendix. Show that there is a rigid 
motion 

F S F' . 

(First you have to explain what corresponds to what, and 
second you have to verify that distances are preserved.) 

3. Do the same for the vertices of the two parallelograms In the 
figure at the start of this Appendix. 

4. Show that If F consists of three collinear points, and F' 
consists of three non-colllnear points, then there is no 
rigid motion between F and F' . (What you will have to do 
is to assume that such a rigid motion exists, and then show 
that this assumption leads to a contradiction.) 

5- Show that there is never a rigid motion between two segments 
of different lengths. 

6. Show that there is never a rigid motion between a line and 
an angle. (Hint: Apply Problem 4.) 
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7. Show that given any two rays, there is a rigid motion between 
them. (Hint: Use the Ruler Placement Postulate.) 

8. Show that there is never a rigid motion between two circles 
of different radius. 


VIII-2. Rigid Motion of Segments . 

Theorem VIII-1 . If AB = CD, then there is a rigid motion 

AB £ CD. 

Proof: First we need to set up a correspondence P«—>P' 
between AB and CD. Then we need to check that distances are 
preserved. 

<-^ 

By the Ruler Postulate, the points of the line AB can be 
given coordinates in such a way that the distance between any two 
points is the absolute value of the difference of the coordinates. 
And by the Ruler Placement Postulate, this can be done In such a 
way that A has coordinate zero and B the positive coordinate 
AB. 

A_ P Q B 

0 * 5 AB 


In the figure, we have shown typical points P, Q with their 
coordinates x and y. 

In the same way, the points of CD can be given coordinates: 


C_ p' q' _D 

0 X y AB 


Notice that D has the coordinate AB, because CD = AB. 

It is now plain what rule we should use to set up the corre¬ 
spondence 
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between the points of AB and the points of CD. The rule is that 
P corresponds to P' i_f P and P' have the same coordinate . 

(In particular, A <—>C because A and C have coordinate zero, 
and B<—>D because B and D have coordinate AB.) 

It is easy to see that this correspondence is a rigid motion. 
If P <«—=►?' and Q<—> Q', and the coordinates are x and y, 
as in the figure, then PQ = P'Q 1 , because 

PQ = |y - x| = P'Q' . 

We therefore have a rigid motion 

AB % CD, 

and the theorem is proved. 

Notice that this rigid motion between the two segments is 
completely described if we explain how the end-points are to be 
matched up. We therefore will call it the rigid motion Induced 
by the correspondence 

A <—>G 
B *—> D. 

Theorem VIII-2 . If there is a rigid motion AB £ CD between 
two segments, then AB = CD, 

The proof is easy. (This theorem was Problem 5 In the pre¬ 
vious Problem Set.) 


Problem Set VIII-2 


1. Show that there is another rigid motion between the congruent 
segments AB and CD, induced by the correspondence 

A <—> D 
B <—*C. 

2. Show that there are two rigid motions between a segment and 
itself. (One of these, of course, is the identity corre¬ 
spondence P >T' , under which every point corresponds to 
itself; this is a rigid motion because PQ = PQ for every 
P and Q.) 
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VIII-3. Rigid Motion of Rays , Angles and Triangles . 

1 Theorem VIXI-3 . Given any two rays Alf and CD* there is 
a rigid motion 

CD* 

The proof of this theorem is quite similar to that of 
Theorem VIII-1, and the details are left to the reader. 

Theorem VIII-4 . If / ABC £ / DEF, then there is a rigid 
motion 

l ABC % / DEF 

between these two angles. 


Proof: We know that there are rigid motions 

BA % ED 


BC % EF 

between the rays which form the sides of the two angles. 



Let us agree that two points P and P' (or Q and Q’) are 
to correspond to one another if they correspond under one of these 
two rigid motions. This gives us a one-to-one correspondence 
between the two angles. What we need to show is that this corre¬ 
spondence preserves distances. 

Suppose that we have given two points P, Q of /_ ABC and 
the corresponding points P', Q' of /DEF. If P and Q are 
on the same side of / ABC, then obviously 

P'Q' = PQ, 
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because distances are preserved on each of the rays that form 
ABC, Suppose, then, that P and Q are on different sides of 
[_ ABC, so that P' and Q' are on different sides of [_ DEF, 
like this: 




By the S.A.S. Postulate, we have 

A PBQ sa A P'EQ' , 

Therefore PQ = P'Q' , which was to be proved. 

Next, we need to prove the analogous theorem for triangles: 

Theorem VIII-5 - If 

A ABC B A A'B'C', 
then there is a rigid motion 

A ABC % A A'B'C', 

under which A, B and C correspond to A' , B 1 and C 1 . 


Proof: First we shall set up a one-to-one correspondence 
between the points of A ABC and the points of A A'B'C' . We 
have given a one-to-one correspondence 

ABC<-> A'B'C' 

for the vertices , By Theorem VIII-1 this gives us the induced 
rigid motions 

AB % A'B', 

AC~ % A'C' 

and 

BC % B' C' 

between the sides of the triangles. These three rigid motions, 
taken together, give us a one-to-one correspondence P<—*P' 
between the points of the two triangles . We need to show that 
this correspondence preserves distances. 
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If P and Q are on the same side of the triangle, then 
we know already that 

P'Q 1 = PQ. 

Suppose, then, that P and Q are on different sides, say, AB 
and AC, like this: 


B 




AP = A'P', 

because AB 3 A'B' is a rigid motion. For the same reason, 

AQ = A'Q' , 

and [_ A at / A’ , because A ABC S AA'B'C'. By the S.A.S. 
Postulate, 

A PAQ = A P'A'Q’ . 


Therefore, 

PQ = P'Q 1 , 

which was to be proved. 

Notice that while the figure does not show the case P = B, 
the proof takes care of this case. The proof is more important 
than the figure, anyway. 


Problem Set VIII-3 


1 . 


Let 


ABC —>A'B'C' 


be a rigid motion, and suppose that A, 
collinear. Show that if B Is between 
B' Is between A' and C'. 


B 

A 


and C are 
and C, then 
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2. Given a rigid motion 

F % F' . 

Let A and B be points of F, and suppose that F 
contains the segment AB. Show that F' contains the 
segment A'B'. 

3. Given a rigid motion 

F ~ F' . 

Show that if F is convex, then so also is F* . 

4. Given a rigid motion 

F fc F' . 

Show that if F is a segment, then so also is F> . 

5. Given a rigid motion F ~ F* . Show that if F is a ray, 
then so also is F'. 

6. Show that there is no rigid motion between a segment and a 
circular arc (no matter how short both of them may be) . 


VIII-4. Rigid Motion of Circles and Arcs . 

Theorem VX1I-6 . Let C and C' be circles of the same 
radius r. Then there Is a rigid motion 

C ~ C' 

between C and C'. 



B" 
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Proof: Let the centers of the circles be P and P' . Let 
AB be a diameter of the first circle, and let A'B' be a diameter 
of the se cond . Let H-^ and be the half-planes determined by 

the line AB; and let^ H'^ and H' 2 be the half-planes deter¬ 
mined by the line A'B' . 

We can now set up our one-to-one correspondence Q«—>Q', in 
the following way: (l) Let A* and B' correspond to A and 
B, respectively. (2) If Q 1 is a point of C, lying In H^, 
let Q' 1 be the point of C , lying in H'-^, such that 

Z Q' 1 P'B' = / Q, 1 PB. 

(3) If Q 2 is a point of C, lying in H 2 , let Q' 2 be the 
point of Cg, lying in H' 2 , such that 

Z Q' 2 P'B' a Z Q 2 PB. 

We need to check that this correspondence preserves distances. 




Q'R' = QR. 

If Q and R are the end-points of a diameter, then so are Q' 
and R', and Q'R' = QR = 2r. Otherwise, we always have 
A QPR s A Q'P'R', so that Q'R' = QR. (Proof? There are two 
cases to consider, according as B is in the interior or the 
exterior of /_ QPR.) 

You should prove the following two theorems for yourself. 
They are not hard, once we have gone this far. 



Theorem VIII-7 . Let C and C 1 he circles with the same 
radius j as In Theorem VII1-6. Let [_ XPB and [_ X'P’B* be 
congruent central angles of C and C 1 , respectively. 



Then a rigid motion C ~ C 1 can be 
B >B' , X«~*X', and BX^B’X'. 



Theorem VI1I-8 , Given any two congruent arcs, there Is a 
rigid motion between them. The proof Is left to the reader. 


VIII- 5 . Reflections . 

The definition of rigid motion given in Section VIII-l is a 
perfectly good mathematical definition, but we might claim that 
from an intuitive viewpoint it does not convey any idea of "motion 
We will devote this section to showing how a plane figure can be 
"moved" into coincidence with any isometric figure in the same 
plane, 

Throughout this section all figures will be considered as 
lying in a fixed plane. 
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Definitions . A one-to-one correspondence between two figures 
Is a reflection if there is a line L, such that for any pair of 
corresponding points P and P l , either (1) P = P’ and lies 
on L or (2) L is the perpendicular bisector of PP' . L is 
called the axis of reflection , and each figure is said to be the 
reflection , or the image , of the other figure In L. 

In the pictures below are shown some examples of reflections 
of simple figures. 


P B 



Theorem VIII-9 . A reflection is a rigid motion. 

Proof: We must show that if P and Q are any two points, 
and P 1 and Q’ their images In a line L, then PQ = P'Q' . 
There are four cases to consider. 



Case (1) 


Case (2) 


Case (3) 


Case (4) 





Case 1. P and Q are on the same side of L. Let pp' 

intersect L at A and QQ' intersect L at B. By the 

definition of reflection PP’ J_ L and PA = P'A, and QQ' _[ l 
and QB = Q'B. Hence A PAB S A P'AB, and PB = P'B, 

/ PBA a l P*BA. By subtraction, PBQ a [_ PBQ' . We then have 
.(by S.A.S.) A PBQ a A P'BQ 1 , and so PQ = P'Q'. 

Case 2. The proof is the same, except that in proving 
j_ PBQ a j_ PBQ' we add angle measures instead of subtracting. 

Case 3. Q is on L. Then Q = Q' and PQ = P'Q' since 
Q is on the perpendicular bisector of PP’ . The case P on L 
and Q not on L is just the same. 

Case 4. P and Q both on L. Since P = P 1 and Q = Q' 

we certainly have PQ = P'Q' . 

Starting with a figure F we can reflect it in some line to 
get a figure F^, F^ can be reflected In some line to get a 
figure Fg, and so on. If we end up with a figure F' after 
n such steps we shall say that P has been carried into F' 
by a chain of n reflections. 

Corollary VIII-9-1 . A chain of reflections carrying F into 
P> determines a rigid motion between P and F 1 . 

Coming back to our opening discussion In this section, a 
reflection can be thought of as a physical motion, obtained by 
rotating the whole plane through 180° about the axis of re¬ 
flection. The above corollary says that a certain type of rigid 
motion, namely, those obtainable as a chain of reflections, can 
be given a physical interpretation. What we shall now show is 
that every rigid motion is of this type. 

The proof will be given in two stages, the first stage In¬ 
volving only a very simple figure. For convenience we will use 
the notation F ( F' If F and F' are reflections of each 
other in some axis. 
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Theorem VIII-10 . Let A, B, C, A' , B* , C' be six points 
such that AB = A'B' , AC = A'C' , BC = B'C' . Then there is a 
chain of at most three reflections that carries A, B, C into 
A', B 1 , C> . 


Proof: 
Step 1. 


C 



Let L 2 be the perpendicular bisector of AA 1 , and let B 2 and 
C 2 be the reflections of B' and C' in Lg. Then A, Bg,C 2 ] 
A 1 jB*,C> . 


Step 2. 



Let L-^ be the perpendicular bisector of BBg. Since AB = A'B’ 
and since by Theorem VIII-9* A'B' - ABg, It follows that 
AB = ABg. Therefore A lies on L^ and Is its own image In the 
reflection in L. Thus, the image of A, Bg, Cg In L-^ Is 
A, B, C 1 . 


f A-VIII] 
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Step 3. 

t 



By arguments similar to the one above we see that AC = AC^ and 
BC = BC^. Hence, w Is the perpendicular bisector of CCp 
and the Image A, B, C-^ in is A, B, C. 

We thus have, 

A,B,C | A,B,C^ | A,B 2 ,C 2 | A',B',C', 

as was desired. 

Any one or two of the three steps may be unnecessary if the 
pair of points we are working on (A in step 1, B in step 2, 

C in step 3) happen to coincide. 

We are now ready for the final stage of the proof. 

Theorem VIII-11 . Any rigid motion is the result of a chain 
of at most three reflections. 

Proof: We are given a rigid motion P & F' . Let A, B, C 
be three non-colllnear points in P, and A', B', C' the corre¬ 
sponding points in P'. 

(if all points of P are collinear a separate, but simpler, 
proof Is needed. The details of this are left to the student.) 

By Theorem VIII-10 we can pass from A' , B' , C' to A, B, C 
by a chain of at most three reflections. By Corollary VIII-9-1 
this chain determines a rigid motion P' & F' ', and by the con¬ 
struction of the reflections we have A' 1 = A, B 11 = B and 
0" = C. Schematically the situation is something like this: 
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We shall show that for every point P of F we have P'' = P. 
This will show that F 1 ' coincides with F, and that the given 
rigid motion F % F' is identical with the one determined by the 
chain of reflections. 

Let us consider, then, any point P of F, its corre¬ 
sponding point P' in F 1 determined by the rigid motion 
F % -F' , and the point P 1 1 in F' ' determined from P’ by 
the chain of reflections. We recall that A 1 1 = A, B' ' = B, 

C 1 1 = C . 



Since all our relationships are rigid motions we have 
AP'' = A'P' = AP. Similarly, BP'' =* BP and CP'' = CP. From 
the first two of. these, and AB = AB, we get that 
A ABP 3 A ABP’ ' , and so /_ BAP = /_ BAP' ' . If P and P' 1 are 
on the same side of AB then by the Angle Construction Postulate 
AP = AP' *, and since AP = AP' 1 it follows from the Point 
Plotting Theorem that P = P' ' , which is what we wanted to prove. 


rA-vini 
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<r—> 

AB. 


Suppose then that P 


and P 11 



lie on opposite sides of 


Since PA = P 1 1 A and PB = P 1 1 B It follows that A and B lie 
on the perpendicular bisector of PP 1 ' . Since PC = P M C, C 
also lies on this line, contrary to the choice of A, B and C 
as non-collinear. Hence, this case does not arise, and we are 
left with P = P’ 1 , thus proving the theorem. 


Problem Set VIII-5 

1. In each of the following construct, with any instruments 
you find convenient, the Image of the given figure In the 
line L. 



2. Find a chain of three or fewer reflections that will carry 
ABCD into A'B'C'D'. 



D 
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3. a. Carry A ABC through the chain of four reflections in 


the axes Lg, L^, L^. 



b. Find a shorter chain that will give the same rigid 
motion. 


Definitions : A figure is symmetric if it is its own image in 
some axis. Such an axis is called an axis of symmetry of the 
figure. 

4. Show that an isosceles triangle is symmetric. What is the 
axis? 

5. A figure may have more than one axis of symmetry. How many 
do each of the following figures have? 

a. A rhombus. 

b. A rectangle. 

c. A square. 

d. An equilateral triangle. 

e. A circle. 

6. The rigid motion defined by a chain of two reflections in 

parallel axes has the property that if then PP 1 

has a fixed length (twice the distance between the axes) 
and direction (perpendicular to the axes). Prove this. 

Such a motion is called a translation. 



A-50 


7. The rigid motion defined by a chain of two reflections in 
axes which intersect at Q has the property that if P«—>pt 
then /_ PQP 1 has a fixed measure (twice the measure of the 
acute angle between the axes). Prove this. 

Such a motion is called a rotation about Q. 

8. Show how by using the results of Problems 6 and 7 the 
Fundamental Theorem VIII-11 can be restated in the following 
form: 

Any rigid motion in a plane is either a reflection, a trans¬ 
lation, a rotation, a translation followed by a reflection, 
or a rotation followed by a reflection. 



Appendix IX 

PROOF OF THE TWO-CIRCLE THEOREM 


The validity of the Two Circle Theorem, stated in Chapter 14, 
rests on the existence of a certain triangle, and the proof is 
easier to follow if we establish this first. 

Triangle Existence Theorem . If a, b, c are positive 
numbers, each of which is less than the sum of the other two, 
then there is a triangle whose sides have lengths a, b, c. 

Proof: The hard part of the proof is algebraic rather than 
geometric. First, let us suppose, as a matter of notation, that 
the three numbers a, b, c are written in order of magnitude, so 
that 

a < b < c. 

Let us start with a segment AB, with AB = c. Our problem is 
to find a triangle A ABC, with BC = a and AC = b, like 
this: r 



In a sense we are going to tackle this problem backwards. That 
is, we are going to start off by assuming that there is such a 
triangle. On the basis of this assumption, we will find out 
exactly where the third vertex C must be. This procedure in 
itself will not, of course, prove that the above statement is 
true, because we started by assuming the very thing that we are 
supposed to be proving. But once we have found the exact location 
of the points that might work, it will be very easy to check that 
these points really do work. (Of course, the re a re two possible 
places for C, on the two sides of the line AB.) 
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(This procedure Is just what we use in solving equations. 

To solve 3x - 7 = x + 3 we first assume that there is an x 
which satisfies this equation. For this x we find successively 
that 


3x = x + 10, 

2x = 10, 
x = 5- 

Then we reverse our steps and show that 5 actually does satisfy 
the given equation.) 

Suppose, then, that there is a triangle A. ABC of the sort 
that we are looking for. Let us drop a perpendicular from C to 
A? f and let D he the foot of the perpendicular. Then D is 
between A and B, because AD < b < c and BD < a < c. 



Let y = CD, and let x = AD, as in the figure. Then DB = c - x, 
as Indicated. We want to find out what x and y are equal to, 
in terms of a, b and c. 

By the Pythagorean Theorem, we have 

( 1 ) 

and 


2 2 2 
x*" + y = a 


Therefore 

and 


(2) y 2 + (c - x) 2 = a . 


2 2 2 
y^ = b ~ x d 


y 2 = a 2 - (c - x) 2 . 



Equating the two expressions for y we see that 

b 2 - x 2 = a 2 - (c - x) 2 , 

2 2 2 2 P 

o - x = a - + 2cx - x , 


2 2 2 
2cx = b + c - a , 


and 


(3) x = 


b 2 + c 2 - a 2 
2c ' 


What we have found, so far, is that if x and y satisfy 
(l) and (2), then x satisfies (3). We shall check, conversely, 
that if x and y satisfy (l) and (3), then x and y also 
satisfy (2). For if (l) and (3) hold, then we have fro'm (l) that 

y a = b 2 - x 2 . 


Adding (c - x) to both sides we get 

y 2 + (c - x) 2 = (b 2 - x 2 ) + (c - x) 


2 2 2 2 

= b - x + c - 2cx + x 

2 2 

= b^ + c - 2cx. 


Substituting for x from (3) gives 

y 2 + (c - x) 2 = b 2 + c 2 - (b 2 4- c 2 - a 2 ) 


2 

= a , 


so that (2) holds. 

Now that we know what triangle to look for, let us start all 
over again. We have three positive numbers, a, b, c. Each of 
them is less than the sum of the other two, and a < b < c. Let 


x = 


2 2 2 
b + c - a 

“Sc-' 


p p p 

Then x > 0, because b > a and c >0. We want to set 


2 - X 2 , 


io this \ 

that x < b, that is, that b - x > 0. We have 


so that x 2 + y 2 = b 2 , but to do this we must first make sure 
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b - x = b - 


b 2 + c 2 - a 2 


O O p 

2b c - b - c + a 


a 2 - (c 2 - 2bc + b 2 ] 


a 2 - (c - b) 2 


Now we are given that c < a + b. Hence, c - b < a and so 

p p 

(c - b) < a . It follows from the equation above that 
b - x > 0, or x<b. 

We are now ready to construct our triangle. Let AB be a 
segment of length c. 



Let D be a point on AB such that AD = x = 


W 2 n 2 x 2 

d + c - a 


Such a point exists since we know x < b < c. Let C be a point 
on the perpendicular to AB through D, such that 


Then 


DC = y = J\> 2 - x 2 . 


AC 2 = x 2 4- y 2 a b 2 , 


BC a = y 2 + (o - x) 2 = a 2 . 

Therefore AC = b and BC = a, which is What we wanted. 


The proof of the Two Circle Theorem is now fairly easy. 
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Theorem 14-5. (The Two Circle Theorem.) 

If two circles have radii a and b, and if c is the 
distance between their centers, then the two circles intersect 
in two points, one on each side of the line of centers, provided 

each one of a, b, c is less than the sum of the other two. 

* 

Proof: Let C-^, the circle with radius b, have center A, 
and C 2 , the circle with radius a have center B. Then AB = C. 



We know by the Triangle Existence Theorem that there is a 
triangle A XYZ whose sides have lengths a, b, and c, like 
this: 



X 


c 



Using the'S.A.S. Postulate, we are going to copy this triangle on 
each side of the line AB, in the following way. On each side of 
AB we take a ray starting at A, in such a way that the angles 
formed are congruent to angle X. 



On these rays we take points P and Q, Buch that AP = AQ = b. 
Therefore circle C 1 passes through P and Q, By the S.A.S. 
Postulate, 

A APB a A XXZ a A AQB. 

Therefore PB = a = QB, and hence circle Cg passes through P 
and Q. 

This shows that P and Q are at least part of the inter¬ 
section of and Cg. To show that they are the intersection 
we must prove that no third point, R, can lie on both C-j. and 
Cg. If there were such a point R we would have, by the S.S.S. 
Theorem 

A ABR « A ABP, and so, BAR = m/ BAP. 

But in the given plane there are only two such angles, one on 
each side of *Pjt, and hence, either A? = ~A? or - AQ* Since 
AR = AP * AQ a b this means that either R - P or R = Q, and 
so there can be no third point on both 0^ and Cg. 



Appendix X 
TRIGONOMETRY 

X-I. Trigonometric Ratios . 

The elementary study of trigonometry is based on the follow¬ 
ing theorem. 

Theorem X-l . If an acute angle of one right triangle is 
congruent to an acute angle of another right triangle, then the 
two triangles are similar. 

Proof: In A ABC and A A'B'C' let [ C and (_ C' be 
right angles and let m/ A = m/ A 1 . Then A ABC ~ A A'B'C' by 
A.A. Similarity Corollary 12-3-1. 

We apply this theorem as follows: Let r be any number 
between 0 and 90, and let A ABC be a right triangle with 
m/ C = 90 and m/ A = r. For convenience set 

AB - c, AC = b, BC = a, 

(The Pythagorean Theorem then tells us that c 2 = a 2 + b 2 .) 



If we consider another such triangle A A’B'C' with 
m^ C' = 90 and m/ A' =< r, we get three corresponding numbers 
a', b', c', whioh would generally be different from a, b, c, 
However, we always have 

a' a 
c T = o 1 

* 

To see this, note that it follows from Theorem X-l that 

a' c' 
a " o * 

If we multiply both sides of this equation by ^ we get the 
desired result. 



Thus the ratio ~ does not depend on the particular triangle 
we use, but only on the measure r of the acute angle. The value 
of this ratio is called the sine of r°, written sin r° for 
short, The reason we specify that we are using degree measure is 
that in more advanced aspects of trigonometry a different measure 
of angle, radian measure, is common. g 

Let us see what we can say 
about sin 30°. We know from 
Theorem 11-9 that in this case 

i 

if c = 1, then a = 75 . Hence, 
sin 30° = | = ■£. 



It is evident that the ratio 


- can be treated in the same way 

^ a h 

as - The ratio ~ is called 

c c 

the cosine of r , written 

cos r°, Prom the Pythagorean Theorem we see that if a = ^ and 


c b 1 , then 


h 7 ? 
b = T 


Hence, cos 30 « 


73 

S’ 


Of the four other possible ratios of the three sides of the 
triangle, we shall use only one, f. This Is called the tangent 
of r , written tan r°. We see that tan 30° * (This use 

71 

of the word "tangent" has only an unimportant historical connectior 
with its use with relation to a line and a circle.) 

These three quantities are called trigonometric ratios . 
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Problem Set X-l 

1. * n each of the following give the required information in 
terms of the indicated lengths of the sides. 

a. sin A = 1 , cos A = ?, tan A = ?. 



d. sin A = ?, sin B = ?, 


tan A = ?, tan B = ?. 

A 

2. In each of the following find the correct numerical value 
for x. 

a. cos P = x. 





10 



a-6q 

3. Find! sin 60°, cos 60°, tan 6o°. 

4. Find: sin 45°, cos 45°# tan 45°. 

5. By making careful drawings with ruler and protractor 
determine by measuring 

a. sin 20°, cos 20°, tan 20°j 

b. sin 53°, cos 53°, tan 53°. 


X-2. Trigonometric Tables and Applications . 

Although the trigonometric ratios can be computed exactly 
for a few angles, such as 30°, 60° and 45°, in most cases we 

have to be content with approximate values. These can be worked 
out by various advanced methods, and at the end of this Appendix 
we give a table of the values of the three trigonometric ratios 
correct to three decimal places. 

Having a "trig table", and a device for measuring angles, 
such as a surveyor's transit (or strings and a protractor) one 
can solve various practical problems. 

Example X-l . From a point 100 feet from the base of a 
flag pole the angle between the 
horizontal and a line to the top 
of the jJole is found to be 23°. 

Let x be the height of the 
pole. Then 

= tan 23° = .425. 

Hence, x = 42.5 feet. An angle like the one used in this example 
is frequently called the angle of elevation of the object. 
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Example X-2 . In a circle of radius 8 cm. a chord AB~ has 

length 10 cm. What is the measure of an angle inscribed in the 

major arc AB? We have AO = 8, 
n 

AQ = ~ * 10 = 5, Hence, 
sin l_ ACQ - | = .625, 
m/ ACQ = 39°, 

m(mlnor arc A§) = ACB - 

2(m [_ ACQ) =78°. > 

Hence, m/ APB = ^m(arc = 

39° to the nearest degree. 

Problem Set X-2 . 

1. Prom the table find; sin 17°> cos 46°, tan 82°, cos 33°, 

sin 60°. Does the last value agree with the one found in 

Problem 3 of Set X-l? 

2. From the table find x to the nearest degree in each of the 
following cases: 

cos x = .731, sin x = .390, tan x = .300 

sin x = .413, tan x = 2, cos x = 

3. A hiker climbs for a half mile up a slope whose Inclination 
Is 17°. How much altitude does he gain? 

4. When a six-foot pole casts a four-foot shadow what Is the 
angle of elevation of the sun? 

5. An isosceles triangle has a base of 6 inches and an 
opposite angle of 30°. Find: 

a. The altitude of the triangle. 

b. The lengths of the altitudes to the equal sides, 

c. The angles these altitudes make with the base. 

d. The point of intersection of the altitudes. 



A-6 2 


6 . 


7. 


A regular decagon (10 sides) is inscribed in a circle of 
radius 12. Find the length of a side, the apothem, and the 
area of the decagon. n 


Given, A = 26°, m/ CBD = 
BC = 50j find AD and AB. 



X-3. Relations Among the Trigonometric Ratios . 

Theorem X-2 . For any acute [_ A, sin A < 1, cos A < 1. 

Proof: In the right triangle A ABC of Section X~l, 
a < c and b < c. Dividing each of these inequalities by c 
gives 

! < u !<!- 

which is what we wanted to prove. 

Theorem X-3 . For any acute angle A, 

"" T j = tan A, and (sin A) 2 + (cos A) 2 » 1. 


sin A 
coi"T 


a 

"c 

X 

c 


a 


= tan A. 


(sin A) 2 + (cos A) 2 


a% 

c 

a 2 + 


b c 

zz 


c 2 


= 1. 


Proof: 
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Problem Set X-3 

Do the following problems without using the tables. 

1. If sin A = what Is the value of cos A? What Is the 
value of tan A? (Use Theorem X-3.) 

2. With ruler and compass construct / A, if possible, in each 
of the following. You are allowed to use the results of 
earlier parts to simplify later ones. 

a. cos A = .8. 



A C 
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Solution; Take AC any convenient segment and construct 
CQ J_ AC. With center A and radius construct an arc inter¬ 

secting CQ. at B. Then cos(/ BAC) = .8. 


b. 

cos 

2 

A = ■j* 

c. 

cos 

*-!■ 

d. 

sin 

A = .8 


e. 

f. 

g- 


sin A = . 7 . 
? 

tan A a -j. 
tan A = -w. 
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Table of Trigonometric Ratios 



Sine 

Cosine 

Tan¬ 




Tan¬ 

Angle 

gent 

Angle 

Sine 

Cosine 

gent 

0 

0.000 

1.000 

0.000 





1 

.017 

1.000 

.017 

46 

0.719 

0.695 

1.036 

2 

.035 

0.999 

.035 

47 

.731 

.662 

1.072 

3 

.052 

.999 

.052 

48 

.743 

.669 

1.111 

4 

.070 

.998 

.070 

49 

• 755 

.656 

1.150 

5 

.087 

.996 

.087 

50 

.766 

.643 

1.192 

6 

.105 

.995 

.105 

51 

.777 

.629 

1.235 

7 

.122 

• 993 

.123 

52 

.788 

. 616 

1.280 

8 

.139 

.990 

.141 

53 

• 799 

.602 

1.327 

9 

.156 

.988 

.158 

54 

.809 

.588 

1.376 

10 

.174 

■ 985 

.176 

55 

.819 

• 574 

1.428 

li 

.191 

.982 

.194 

56 

.829 

• 559 

1.483 

12 

.208 

.978 

.213 

57 

.839 

.545 

1.540 

13 

.225 

.974 

.231 

58 

.848 

.530 

1.600 

14 

.242 

.970 

.249 

59 

.857 

.515 

1.664 

15 

.259 

. 966 

.268 

60 

.866 

.500 

1.732 

16 

.276 

.961 

.287 

61 

.875 

.485 

1.804 

17 

.292 

.956 

.306 

62 

.883 

.469 

1.881 

18 

.309 

.951 

.325 

63 

.891 

.454 

1.963 

19 

.326 

.946 

.344 

64 

.899 

.438 

2.050 

20 

.342 

.940 

.364 

65 

.906 

.423 

2.145 

21 

.358 

.934 

.384 

66 

.914 

.407 

2.246 

22 

.375 

.927 

. 4o4 

67 

.921 

.391 

2.356 

23 

.391 

.921 

.424, 

68 

• 927 

.375 

2.475 

24 

.407 

.914 

.445 

69 

.934 

.358 

2.605 

25 

.423 

.906 

.466 

70 

.940 

.342 

2.747 

26 

.438 

.899 

.488 

71 

.946 

.326 

2.904 

27 

.454 

.891 

.510 

72 

.951 

.309 

3.078 

28 

.469 

.883 

.532 

73 

.956 

.292 

3.271 

29 

.485 

.875 

• 554 

74 

.961 

.276 

3.487 

30 

.500 

.866 

.577 

75 

.966 

.259 

3.732 

31 

.515 

.857 

.601 

76 

.970 

.242 

4.011 

32 

,530 

.848 

.625 

77 

.974 

.225 

4.331 

33 

.545 

.839 

.649 

78 

.978 

.208 

4.705 

34 

.559 

.829 

.675 

79 

.982 

.191 

5-145 

35 

.574 

.819 

.700 

80 

.985 

.174 

5.671 

36 

.588 

.809 

.727 

81 

.988 

.156 

6.314 

37 

.602 

• 799 

• 754 

82 

.990 

.139 

7.115 

38 

.616 

.788 

.781 

83 

■ 993 

.122 

8.144 

39 

.629 

• 777 

.810 

84 

.995 

.105 

9-514 

40 

.643 

.766 

.839 

85 

.996 

.087 

11.43 

41 

.656 

.755 

.869 

86 

.998 

.070 

14.30 

42 

.669 

.743 

.900 

87 

.999 

.052 

19.08 

43 

.682 

.731 

.933 

88 

.999 

.035 

28.64 

44 

45 

•ffi 


.966 

1.000 

89 

90 

1.000 

1.000 

.017 

.000 

57-29 


A-66 


Solutions to Appendix 
Problem Set X-l 


1. 

a. 

3 

5’ 

4 3 

3’ if’ 



b. 

5 

j 

12 JL 

TsT * * 



c. 

3 

4 4 

5' 



d. 

X 

y* 

z X 

y’ z' 

z 

X * 

2. 

a. 

2 


>. .f. 

3. 

■fl 

2' 

1 

2' 

yj. 


4. 

1 

1 

i. 


5. 

a . 

.34 

i -94, 

,36. 


b. 

.80 

, . 60 , 

1.33, 





Problem Set X-2 

2. 

43° 

, 23 

°, 17°, 

24°, 63°, 71°. 


sin 

17° 

X 

x = .292 • 2640 = 771 

sj • 

^ • 5280 

4. 

tan 

x - 

6 - 1 R 

TjT - 1 • 5 • 

x = 56°. 

5- 

m Z 

A = 30, m/_ B 

*= m/ C = 75°. 


a. 

AD 

TO 

= tan C. 

AD = 3.732 * 3 ■ 11.196 


b. 

CE 

CB 

= sin B. 

CE = .966 • 6 = 5.796. 


c. 

m/ EOB = 90° 

- m/ B « 15°. 


d. ^ = tan 15°. DP = .268 • 3 = .804. 


feet. 


E 

B 



6 . sin 18° = 
b = 3.71, 2 b = 7.42 

- nO & 

cos lo = 
a = 11.41 . 

area = \ • 10 • 7.42 -11.41 = 423. 

7 . tan 42° = ^, CD = 45.0. 

tan 26° = AC = 92.2, AB = 42^2. 

sin 26° = |j>, AD = 103. 
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2 . (c) is impossible. 

(d) A here is congruent to B of part (a). 

(g) A here is the complement of the A of part (f). 




Appendix XI 
REGULAR POLYHEDRA 


A polyhedron is a solid whose boundary consists of planar 
regions — called faces -- which are polygonal regions. The sides 
and vertioes of the polygons are called the edges and vertices of 
the polyhedron. Prisms and pyramids are examples of special kinds 
of polyhedrons. A regular polyhedron is a convex polyhedron (see 
Section 3-3 for definition of convexity) whose faces are bounded 
by regular polygons all with the same number of sides and such 
that there are the same number of faces (and edges) at each vertex. 
We shall determine all the regular polyhedra, using Euler's famous 
formula connecting the number of vertices, edges, and faces of a 
convex polyhedron (more generally, one without any holes). An 
excellent exposition of this formula can be found in Rademacher 
and Toeplltz, "The Enjoyment of Mathematics." Strictly speaking, 
we show that there are only five possibilities for the numbers of 
vertices, edges, and faoes, but omit the proof that each of these 
possibilities is realized in essentially one and only one way by 
a regular polyhedron. 

Suppose we have a regular polyhedron with V vertices, E 
edges and P faces, and with r faces about each vertex and n 
sides (and vertices) for each face. If the E edges were all 
shrunk slightly, so as to pull away from the vertices, we would 
have E segments, each with two end-points, and so 2E end¬ 
points altogether. Now there are r of these end-points near 
each of the V vertices, and hence rV end-points in all. We 
must therefore have the relation rV = 2E, or 

(i) v-S. 

Similarly, imagine each face shrunk and count the resulting 
sides of the polygonal regions. There are 2 sides near each 
edge, and so 2E sides. There are n sides on each face, and 
so nP sides. Thus nP = 2E, or 

2E 



Wow Euler 1 a formula tells us that 


V - E + P 2. 


Substituting for E and P from Equations (1) and (2), 
we get 


2E r , 2E Q 
— - E + — - 2. 


Dividing by 2E gives 

( 3 ) 

Hence 



1 _ 1 
n ~ E* 


1 

r 


5 + K> 


0 , 



1 

T 


Now r>3, so ± > \ - £ > \ - j = p 


so n < 6. Thus, n = 3, 4, or 5, and the only possibilities 

for the faces are triangles, squares, or regular pentagons. By 
the same argument we see that r = 3, 4, or 5 are the only 

possibilities. E can be found from (3), and then V and P 
from Equations (l) and (2). 

For n = 3, r = 3, we get V = 4, E = 6 , F = 4. 

For n = 3, r = 4, we get V = 6, E = 12, F * 8. 

For n = 3, r‘= 5, we get V - 12, E = 30, F = 20. 

Trying n = 4, we see that the only possibility for r is 
3, in which case V = 8, E = 12, F = 6. Finally, for n = 5, 
the only possibility is r = 3, which yields V = 20, E = 30, 

F = 12. 


These five possibilities are realized in essentially one way 
for each choice of F, E, and V (more precisely, two regular 
polyhedra with the same values for F, E, and V are "similar"), 
although we do not prove this. They are exhibited in the follow- 
lhg table: 
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Regular 

Polyhedron 

Boundary 

of 

Pace 

-1 

Number 

of 

Paces 

Number 

of 

Edges 

Number 

of 

Vertices 

Number of 
Faces (or 
Edges) at 
a Vertex 

Tetrahedron 

Triangle 


6 

4 

3 

Octahedron 

Triangle 

8 

12 

6 

4 

Icosahedron 

Triangle 

20 

30 

12 

5 

Cube 

(Hexahedron) 

Square 

6 

12 

8 

3 

Dodecahedron 

Pentagon 

12 

30 

20 

3 



Tetrahedron 



Hexahedron 




Dodecahedron 



Icosahedron 


We observe a curious duality between the octahedron and the 
cube and between the icosahedron and the dodecahedron, obtained by 
interchanging P and V, n and r, and leaving E unchanged. 
The tetrahedron is self-dual. This duality can be established by 
starting with one of the solids and forming a new one whose 
vertices are the centers of the faces of the original one, and 
whose edges are the segments connecting the centers of adjacent 
faces. These and other relations among the regular polyhedra and 
related semi-regular polyhedra are discussed in various books; 
for example, "Mathematical Snapshots," by Steinhaus; "Mathematical 
Models," by Cundy and Rollett. 





The Meaning and Use of Symbols 


General . 

= . A = B can be read as “A equals B", "A is equal to B", 

"A equal B" (as in "Let A = B"), and possibly other 
ways to fit the structure of the sentence in which the 
symbol appears. However, we should not use the symbol, 

=, in such forms as "A and B are ="; its proper use is 
between two expressions . If two expressions are connected 
by it is to be understood that these two expressions 

stand for the same mathematical entity, in our case either 
a real number or a point set. 

/ . "Not equal to". A ^ B means that A and B do not 
represent the same entity. The same variations and 
cautions apply to the use of f as to the use of =. 

Algebraic . 

+, *, -r . These familiar algebraic symbols for operating with 
real numbers need no comment. The basic postulates about 
them are presented In Appendix II. 

<, >, <[, >. Like = , these can be read in various ways in 

sentences, and A < B may stand for the underlined part 
of "if A is less than B ", "Let A be less than B ", 

" A less than B implies", etc. Similarly for the other 
three symbols, read "greater than", "less than or equal 
to", "greater than or equal to". These inequalities apply 
only to real numbers. Their properties are mentioned 
briefly in Section 2-2, and in more detail In Section 7-2. 

■%/A, |a|. "Square root of A" and "absolute value of A". Discussed 
in Sections 2-2 and 2-3 and Appendix IV. 

Geometric . 

Point Sets. A single letter may stand for any suitably described 
point set. Thus we may speak of a point P, a line m, a 
half-plane H, a circle C, an angle x, a segment b, etc. 



AB. The line containing; the two points A and B (P. 30). 

AB. The segment having A and B as end-points (P.^5). 

AB, The ray with A as its end-point and containing 

point B (P, 4^). 

— -> 

/ABC The angle having B as vertex and BA and BC as 
sides (P. 7l). 

A ABC. The triangle having A, B and C as vertices (P. 72 ). 

/ A-BC-D. The dihedral angle having BC as edge and with sides 
containing A and D (P. ?99). 

Real Numbers . 

AB. The positive number which la the distance between the two 
points A and B, and also the length of the segment AB 
(P. 34). 

m/ABC. The real number between 0 and l80 which is the 

degree measure of /ABC (P, 80 ), 

Area R. The positive number which is the area of the polygonal 
region 'R (p. 320). 

Relations . 

=, Congruence. A = B is read "A is congruent to B”, but 
with the same possible variations and restrictions as 
A = B. In the text A and B may be two (not necessarily 
different) segments (P, 109 ), angles (P. 109), or 
triangles (p. Ill), 

J_. Perpendicular, A J_ B is read "A is perpendicular to B", 
with the same comment as for A A and B may be either 
two lines (P. 86 ), two planes (P. 301), or a line and a 
plane (p. 229 ). 

II . Parallel. A || B is read "A is parallel to B”, with the 
same comment as for =. A and B may be either two lines 
(P. 24i), two planes (P. 29l) or a line and a plane 
(P. 291). 



List of Postulates 


Postulate 1 . (p, 30) Given any two different points, there 

is exactly one line which contains both of them. 

Postulate 2 . (P. 34) (The Distance Postulate.) To every 

pair of different points there corresponds a unique positive 
number. 

Postulate 3 . (P. 36) (The Ruler Postulate.) The points 

of a line can be placed in correspondence with the real numbers 
in such a way that 

(1) To every point of the line there corresponds exactly 
one real number, 

(2) To every real number there corresponds exactly one point 
of the line, and 

(3) The distance between two points is the absolute value 
of the difference of the corresponding numbers. 

Postulate 4 . (p. 4o) (The Ruler Placement Postulate.) 

Given two points P and Q of a line, the coordinate system 
can be chosen in such a way that the coordinate of P is zero 
and the coordinate of Q, is positive. 

Postulate 3 . (P. 54) (a) Every plane contains at least 

three non-collinear points. 

(b) Space contains at least four non-coplanar points. 

Postulate 6 . (P. 56 ) If two points lie in a plane, then 

the line containing these points lies in the same place. 

Postulate 7 . (P. 57) Any three points lie in at least one 

plane, and any three non-collinear points lie in exactly one 
plane. More briefly, any three points are coplanar, and any 
three non-collineai' points determine a plane. 

Postulate 8 . (P. 58 ) If two different planes intersect, 

then their intersection is a line. 



Postulate 9 , (P. tA) (The Plane Separation Postulate.) 

Given a line and a plane containing it, the points of the plane 
that do not lie on the line form two sets such that 

(l) each of the seta Is convex and 

(?) if P is in one set arid Q La in the other then the 

segment PQ intersects the line. 

Postulate 10 . (P. bb) (The Space Separation Postulate.) 

The points of space that ao not lie in a given plane form two 
sets such that 

(1) each of the sets is convex and 

(2) if P is in one set and Q is in the other then 

the segment PQ Intersects the plane. 

Postulate 11 . (P. 80 ) (The Angle Measurement Postulate.) 

To every angle /BAC there corresponds a real number between 
0 and 180 . 

Postulate 12 . (P. 8l) (The Angle Construction Postulate.) 

Let W be a ray on the edge of the half-plane H. For every 
number r between 0 and 180 there is exactly one ray AP, 
with P in H, such that m/PAB = r. 

Postulate 13 . (P. 8l) (The Angle Addition Postulate.) 

If D Is a point in the interior of ,/BAC, then 
1 -/BAC = rri^BAD + m/DAC. 

Postulate 14 . (P. 82) (The Supplement Postulate.) If two 

angles- form a linear pair, then they are supplementary. 

Postulate 18 . (P. 115) (The S.A.S. Postulate.) Given a 

correspondence between two triangles (or between a triangle 
and Itself). If two sides and the included angle of the first 
triangle are congruent to the corresponding parts of the second 
triangle, then the correspondence is a congruence. 

Postulate 16 . (P. 252) (The Parallel Postulate .) Through 

a given external point there Is at most one line parallel to a 
given line. 

. Postulate 17 . (P. 320) To every polygonal region there 

corresponds a unique positive number. 



Postulate 18 . (P, 320) If two triangles are congruent, 

then the triangular regions have the same area. 

Postulate 19 . (P. 320) Suppose that the region R is the 

union of two regions R 1 and R 2 . Suppose that R 1 and R g 

intersect at most in a finite number of segments and points. 

Then the area of R is the sum of the areas of R, and R 

1 2 

Postulate 20 . (P, 322) The area of a rectangle is the 

product of the length of its base and the length of its altitude. 

Postulate 21 . (P. 546) The volume of a rectangular 

parallelepiped is the product of the altitude and the area of 
the base. 

Postulate 22 . (P. 548) (Cavalieri’s Principle.) Given two 

solids and a plane. If for every plane which intersects the 
solids and is parallel to the given plane the two intersections 
have equal areas, then the two solids have the same volume. 




List of Theorems and Corollaries 

Theorem 2-1 . (P. 42) Let A, B, C be three points of a 

line, with coordinates x, y, z. If x < y < z, then B is 
between A and C. 

Theorem 2-2 . (P. 43) Of any three different points on the 

same line, one is between the other two. 

Theorem 2-3 . (P. 44) Of three different points on the same 

line, only one is between the other two. 

Theorem 2-4 . (p. 46) (The Point Plotting Theorem) Let AB 

be a ray, and let x be a positive number. Then there is exactly 
one point P of AB such that AP = x. 

Theorem 2-5 . (P. 47) Every segment has exactly one 

mid-point. 

Theorem 3-1 . (P. 55) Two different lines intersect in at 

most one point. 

Theorem 3-2 . (P. 56) If a line Intersects a plane not 

containing it, then the,intersection is a single point. 

Theorem 3-3 . (P. 57) Given a line and a point not on the 

line, there is exactly one plane containing both of them. 

Theorem 3-4 . (P. 58 ) Given two intersecting lines, there 

is exactly one plane containing them. 

Theorem 4-1 . (p. 87 ) If two angles are complementary, then 

both of them are acute. 

Theorem 4-2 . (P. 87 ) Every angle is congruent to itself. 

Theorem 4-3 . (P. 87 ) Any two right angles are congruent. 

Theorem 4-4 . (P. 87 ) If two angles are both congruent and 

supplementary, then each of them is a right angle. 

Theorem 4-g . (P. 87 ) Supplements of congruent angles are 

congruent. 



Theorem 4-6, (P. 88) Complements of congruent angles are 

congruent. 

Theorem 4-7 . (p. 88) Vertical angles are congruent. 

Theorem 4-8 . (P. 89) If two intersecting lines form one 
right angle, then they form four right angles. 

Theorem 9-1 . (P. 109) Every segment is congruent to it3elf. 

Theorem 5-2 . (P. 127) If two sides of a triangle are 

congruent, then the angles opposite these sides are congruent. 

Corollary 5-2-1 . (P- 128) Every equilateral triangle Is 

equiangular. 

Theorem 5-3 . (P. 129) Every angle has exactly one bisector. 

Theorem jj-4 ■ (P. 132) (The A,S,A, Theorem.) Given a 

correspondence between two triangles (or between a triangle and 
itself). If two angles and the Included side of the first 
triangle are congruent to the corresponding parts of the second 
triangle, then the correspondence is a congruence. 

Theorem 5-5 . (P, 133) If two angles of a triangle are 

congruent, the sides opposite these angles are congruent. 

Corollary 5-5-1 . (P. 133) An equiangular triangle is 

equilateral. 

Theorem 5-8 . (p. 137) (The S.S.S. Theorem.) Given a 

correspondence between two triangles (or between a triangle and 
Itself), If all three pairs of corresponding sides are congruent, 
then the correspondence is a congruence. 

Theorem 6-1 . (P, 167) In a given plane, through a given 

point of a given line of the plane, there passes one and only one 
line perpendicular to the given line. 

Theorem $-2 . (P. 169) The perpendicular bisector of a 

segment, in a plane, is the set of all points of the plane that 
are equidistant from the end-points of the segment. 



Theorem 6-3 . (P. 171) Through a given external point there 

is at most one line perpendicular to a given line. 

Corollary 6-3-1 . (p. 172) At most one angle of a triangle 

can be a right angle. 

Theorem 6-4 . (P. 172) Through a given external point there 

is at least one line perpendicular to a given line. 

Theorem 6-5 . (p. 183) If M is between A and C on a 

line L, then ,M and A are on the same side of any other line 
that contains C. 

Theorem 6-6 . (p. 183) If M is between A and C, and 

B is any point not on line AC, then M is in the interior of 

L ABC. 

Theorem 7-1 ■ (P* 193) (The Exterior Angle Theorem.) An 

exterior angle of a triangle is larger than either remote 
interior angle. 

Corollary 7-1-1 . (P. 196) If a triangle has a right angle, 

then the other two angles are acute. 

Theorem J-2 . (P. 197) (The S.A.A, Theorem.) Given a 

correspondence between two triangles. If two angles and a side 
opposite one of them in ohe triangle are congruent to the 
corresponding parts of the second triangle, then the correspon¬ 
dence is a congruence. 

Theorem 7-3 . (P. 198) (The Hypotenuse - Leg Theorem.) 

Given a correspondence between two right triangles. If the 
hypotenuse and one leg of one triangle are congruent to the 
corresponding parts of the second triangle, then the correspondence 
is a congruence. 

Theorem 7-4 . (P. 200 ) If two sides of a triangle are not 

congruent, then the angles opposite these two sides are not 
congruent, and the larger angle is opposite the longer side. 



Theorem 7-5 . (P. 201) If tv/o angles of a triangle are not 

congruent, then the sides opposite them are not congruent, and 
the longer side is opposite the larger angle. 

Theorem Y-h . (P, 206) The shortest segment joining a point 
to a line is the perpendicular segment. 

Theorem (P. 200) (The Triangle Inequality.) The sum 

of the lengths of any two sides of a triangle la greater than 
the length of the third side. 

Theorem 7-8 , (P. 210) If two sides of one triangle are 

congruent respectively to two sides of a second triangle, and 
the Included angle of the first triangle is larger than the 
included angle of the second, then the opposite side of the 
first triangle is longer than the opposite side of the second. 

Theorem 7-9 • (P. 211) If two sides of one triangle are 

congruent respectively to two sides of a second triangle, and 
the third side of the first triangle is longer than the third 
side of the second, then the Included ang] e of the first 
triangle is larger than the included angle of the second. 

Theorem 8-1 . (P. 222) If each of two points of a line ia 

equidistant from two given points, then every point of the line 
is equidistant from the given points. 

Theorem 8-2 . (P. 225) If each of three non-colllnear 

points of a plane is equidistant from two points, then every 
point of the plane is equidistant from these two points. 

Theorem 8-3 . (P. 226) If a line is perpendicular to each 

of two intersecting lines at their point of intersection, then 
it is perpendicular to the plane of these lines. 

Theorem 8-4 . (p. 230) Through a given point on a given 

line there passes a plane perpendicular to the line. 

Theorem 8-5 • (P. 231) If a line and a plane are perpen¬ 

dicular, then the plane contains every line perpendicular to the 
given line at its point of intersection with the given plane. 



Theorem_8-6. (P. 232) Through a given point on a given 

line there Is at most one plane perpendicular to the line. 

Theorem_8-£. ( P . 232 ) The perpendicular bisecting plane of 
a segment is the set of all points equidistant from the end-points 
of the segment. 

Theorem_ 8-8. (P. 234) Two lines perpendicular to the same 

plane are coplanar. 

Ih e orem__8-g. (p. 235) Through a given point there passes 
one and only one plane perpendicular to a given line . 

Theorem 8-10 . (p. 235) Through a given point there passes 

one and only one line perpendicular to a given plane . 

Theorem 8-11 . (P. 235) The shortest segment to a plane 

from an external point is the perpendicular segment. 

Theorem 9-1 . (p. 242) Two parallel lines lie in exactly 

one plane. 

Theorem 9-2 . (p. 242) Two lines in a plane are parallel 

if they are both perpendicular to the same line. 

Theorem 9-3 . (P. 244) Let L be a line, and let P be a 

point not on L. Then there is at least one line through P, 
parallel to L. 

Theorem 9-4 . (p. 2^6) If two lines are cut by a transversal, 

and if one pair of alternate interior angles are congruent, then 
the other pair of alternate interior angles are also congruent. 

Theorem 9-5 . (P. 246) If two lines are cut by a transverasl, 

and if a pair of alternate interior angles are congruent, then 
the lines are par'allel. 

Theorem 9-6 . (P. 252) If two lines are cut by a transversal, 

and If one pair of corresponding angles are congruent, then the 
other three pairs of corresponding angles have the same property. 

Theorem 9-7 . (P. 252) If two lines are cut by a transversal, 

and if a pair of corresponding angles are congruent, then the 
lines are parallel. 



The or cl; 9-6 ■ (P. 253) It' two parallel lines are cut by 

a transversal, then alternate interior ancles are congruent. 

Theorem 9-9 . (P. 254) IP two parallel lines are cut by a 

transversal, each pair of corresponding angles are congruent. 

Theorem 9-10 • (P* 254) If two parallel lines are cut by a 

transversal, interior angles on the same side of the transversal 
are supplernentary. 

Theorem 9-11 . (P. 255) In a plane, two lines parallel to 

the same line are parallel to each other. 

Theorem 9-12 . (p. 255) In a plane, if a line is 

perpendicular to one of two parallel lines it is perpendicular 
to the other. 

Theorem 9-13 . (P. 258) The sum of the measures of the 

angles of a triangle is 180. 

Corollary 9-13-1 . (P. 259) Given a correspondence between 

two triangles. If two pairs of corresponding angles are congruent, 
then the third pair of corresponding angles are also congruent. 

Corollary 9-13-2 . (P. 260) The acute angles of a right 

triangle are complementary. 

Corollary 9-13-3 . (P. 260) For any triangle, the measure 

of an exterior angle Is the sum of the measures of the two 
remote interior angles. 

Theorem 9-14 . (p, 265) Either diagonal divides a 

parallelogram into two congruent triangles. 

Theorem 9-15 . (P. 265) In a parallelogram, any two 

opposite sides are congruent. 

Corollary 9-15-1 . (P. 266) If L 1 11 L 2 and if P and Q 

are any two points on L^, then the distances of P and Q 
from Lg are equal. 

Theorem 9-16 . (P. 266) In a parallelogram, any two 

opposite angles are congruent. 



Theorem 9-17 . (P. 266 ) In a parallelogram, any two 

consecutive angles are supplementary. 

Theorem 9-18 . (P. 266) The diagonals of a parallelogram 

bisect each other. 

Theorem 9-19 - (P. 266) Given a quadrilateral In which both 
pairs of opposite sides are congruent. Then the quadrilateral 
is a parallelogram. 

Theorem 9-20 . (p. 266) If two sides of a quadrilateral are 

parallel and congruent, then the quadrilateral is a parallelogram. 

Theorem 9-21 . (P. 266) If the diagonals of a quadrilateral 

bisect each other, then the quadrilateral is a parallelogram. 

Theorem 9-22 . (P. 267 ) The segment between the mid-points 

of two sides of a triangle is a parallel to the third side and 
half as long as the third side. 

Theorem 9-23 . (P. 268 ) If a parallelogram has one right 

angle, then it has four right angles, and the parallelogram 
is a rectangle. 

Theorem 9-2 1 )- . (F. 268 ) In a rhombus, the diagonals are 

perpendicular to one another. 

Theorem 9 - 25 . (P, 268 ) If the diagonals of a quadrilateral 

bisect each other and are perpendicular, then the quadrilateral 
Is a rhombus. 

Theorem 9-26 . (P. 276) If three parallel lines intercept 

congruent segments on one transversal, then they intercept 
congruent segments on any other transversal. 

Corollary 9-26-1 . (P. 277) If three or more parallel lines 

intercept congruent segments on one transversal, then they 
intercept congruent segments on any other transversal. 

Theorem 9-27 . (P. 279 ) The medians of a triangle are 

concurrent In a point two-thirds the way from any vertex to 
the mid-point of the opposite side. 



Theorem 10-1. (P. 292) IP a plane Intersects two parallel 

planes, then it intersects their, in two parallel lines. 

Theorem 1Q~2 , (P. 29?) IP a Line is perpendicular to one 

oP two parallel planes it In perpendicular to the other. 

Theorem 10-3 . (P. 293) Two planes perpendicular to the 

same line are parallel. 

Corollary 10-3-1 . (P. P‘j4) IP two planes are each parallel 

to a third plane, they are parallel to each other. 

Theorem 10-4 . (p. 294) Two lines perpendicular to the 

same plane are parallel. 

Corollary 10-4-1 , (P. 294) A plane perpendicular to one 

of two parallel lines is perpendicular to the other. 

Corollary 10-4-2 . (p. 294) If two lines are each parallel 

to a third they are parallel to each other. 

Theorem 10-5 < (P. 295) Two parallel planes are everywhere 

equidistant, 

Theorem 10-0 . (P. 30l) Any two plane angles of a given 

dihedral ancle are congruent. 

Corollary 10-6-1 , (P. 302) If a line is perpendicular to 

a plane, then any plane containing; this line is perpendicular 
to the given plane. 

Corollary 10-6-2 . (p. 302) If two planes are perpendicular, 

then any line in one of them perpendicular to their line of 
Intersection is perpendicular to the other plane. 

Theorem 10-7 . (P. 30?) The projection of a line into a 

plane is a line, unless the line and the plane are perpendicular. 

Theorem 11-1 . (P. 328) The area of a right triangle is 

half the product of its legs. 

Theorem 11-2 . (P. 328) The area of a triangle is half the 

product of any base and the altitude to that base. 



Theorem 11-3 . (P. 330) The area of a parallelogram is the 

product of any base and the corresponding altitude* 

Theorem 11-4 . (P. 331) The area of a trapezoid is half the 

product of its altitude and the sum of its bases. 

Theorem 11-5 . (P. 332) If two triangles have the same 

altitude, then the ratio of their areas is equal to the ratio 
of their bases. 

Theorem 11-6 . (P. 332) If two triangles have equal 

altitudes and equal bases, then they have equal areas. 

Theorem 11-7 . (P. 339) (The Pythagorean Theorem.) In a 
right triangle, the square of the hypotenuse is equal to the sum 
of the squares of the legs. 

Theorem 11-8 . (P. 34o) If the square of one side of a 

triangle Is equal to the sum of the squares of the other two, 
then the triangle is a right triangle, with a right angle 
opposite the first side. 

Theorem 11-9 . (F. 346) (The 30 - 60 Triangle Theorem.) 

The hypotenuse of a right triangle Is twice as long as the 
shorter leg if and only if the acute angles are 30° and 60°. 

Theorem 11-10 . (P. 346) (The Isosceles Right Triangle 

Theorem.) A right triangle is isosceles if and only if the 
hypotenuse is V2~ times as long as a leg. 

Theorem 12-1 . (P. 368) (The Basic Proportionality Theorem.) 

If a line parallel to one side of a triangle intersects the other 
two sides In distinct points, then It cuts off segments which are 
proportional to these sides. 

Theorem 12-2 , (P. 369) If a line intersects two sides of 

a triangle, and cuts off segments proportional to these two 
sides, then it is parallel to the third side. 



Theorem 12-3 . (P. 374) (The A.A.A. Similarity Theorem.) 

Given a correspondence between two triangles. If corresponding 
angles are congruent, then the correspondence Is a similarity. 

Corollary 12-3-1 . (P. 376) (The A.A, Corollary.) Given 

a correspondence between two triangles. If two pairs of 
corresponding angles are congruent, then the correspondence is 
a similarity. 

Corollary 12-3-2 , (P. 376) If a line parallel to one side 

of a triangle intersects the other two sides in distinct points, 
then it cuts off a triangle similar to the given triangle. 

Theorem 12-4 . (P. 376) (The S.A.S. Similarity Theorem.) 

Given a correspondence between two triangles. If two 
corresponding angles are congruent, and the Including sides are 
proportional, then the correspondence Is a similarity. 

Theorem 12-5 . (P. 378) (The S.S.S. Similarity Theorem.) 

Given a correspondence between two triangles. If corresponding 
sides are proportional, then the correspondence is a similarity. 

Theorem 12-6 . (P. 39l) In any right triangle, the altitude 

to the hypotenuse separates the triangle into two triangles which 
are similar both to each other and to the original triangle. 

Corollary 12-6-1 . (p. 392) Given a right triangle and the 

altitude from the right angle to the hypotenuse: 

(1) The altitude is the geometric mean of the segments 
into which it separates the hypotenuse. 

(2) Either leg Is the geometric mean of the hypotenuse 
and the segment of the hypotenuse adjacent to the leg. 

Theorem 12-7 . (P, 395) The ratio of the areas of two 

similar triangles is the square of the ratio of any two 
corresponding sides. 

Theorem 13-1 . (P. 4lo) The intersection of a sphere with 

a plane through its center is a circle with the same center and 
radius. 



Theorem 13-2 . {P. 414) Given a line and a circle in the 

same plane. Let P be the center of the circle, and let F be 
the foot of the perpendicular from P to the line. Then either 

(1) Every point of the line is outside the circle, or 

(2) F is on the circle, and the line is tangent to the 
circle at F, or 

(3) F is inside the circle, and the line intersects the 
circle in exactly two points, which are equidistant from F. 

Corollary 13-2-1 . (p. 4l6) Every line tangent to C is 

perpendicular to the radius drawn to the point of contact. 

Corollary 13-2-2 . (p. 416 ) Any line in E, perpendicular 

to a radius at its outer end, is tangent to the circle. 

Corollary 13-2-3 . (P. 4l6) Any perpendicular from the 

center of C to a chord bisects the chord. 

Corollary 13-2-4 . (P. 4l6) The segment joining the center 

of C to the mid-point of a chord is perpendicular to the chord. 

Corollary 13-2-5 . (P. 4l6) In the plane of a circle, the 
perpendicular bisector of a chord passes through the center of 
the circle. 

Corollary 13-2-6 (P. 417) I f a line in the plane of a 

circle intersects the interior of the circle, then it intersects 
the circle in exactly two points. 

Theorem 13-3 . (P. 417) In the same circle or in congruent 

circles, chords equidistant from the center are congruent* 

Theorem 13-4 . (P. 417) In the same circle or in congruent 

circles, any two congruent chords are equidistant from the center. 

Theorem 13-5 . (P. Given a plane E and a sphere S 

with center P. Let F be the foot of the perpendicular segment 

from P to E. Then either 

(1) Every point of E is outside S, or 

(2) F is on S, and E is tangent to S at F, or 

(3) F is inside S, and E intersects S in a circle 

with center F. 



Corollary 13-5-1 ■ (P. 426) A plane tangent to S Is 

perpendicular to the radius drawn to the point of contact. 

Corollary 13-5-2 . (P. 426) A plane perpendicular to a 

radius at its outer end is tangent to S. 

Corollary 13-5-3 . (P. 426) A perpendicular from P to a 

chord of S bisects the chord. 

Corollary 13-5-4 . (P. 426) The segment joining the center 

of S to the midpoint of a chord Is perpendicular to the chord. 

Theorem 13-6 . (P. 431) If AB and BC are arcs of the 
same circle having only the point B In common, and if their 
union is an arc AC, then mAB + mBC « mAC. 

Theorem 13-7. (P. 434) The measure of an inscribed angle 

is half the measure of its intercepted arc. 

Corollary 13-7-1 . (P. 437) An angle inscribed in a semi¬ 

circle is a right angle. 

Corollary 13-7-2 . (p. 437) Angles inscribed in the same 

arc are congruent. 

Theorem 13-8 . (p. 44l) In the same circle or in congruent 

circles, if two chorda are congruent, then so also are the 
corresponding minor arcs. 

Theorem 13-9 . (P. 44l) In the same circle or In congruent 

circles, if two arcs are congruent, then so are the corresponding 
chords. 

Theorem 13-10 . (P. 442) Given an angle with vertex on the 

circle formed by a secant ray and a tangent ray. The measure of 
the angle is half the measure of the intercepted arc. 

Theorem 13-11 . (P. 448) The two tangent segments to a circle 

from an external point are congruent, and form congruent angles 
with the line joining the external point to the center of the 
circle. 



Theorem 13-12 . (P. 449) Given a circle C * and an external 

point Q, let be a secant line through Q, Intersecting C 

in points R and S; and let Lg be another secant line through 
Q, intersecting C in points T and U. Then QR ■ QS = QU • QT. 

Theorem 13-13 . (P. 450) Given a tangent segment QT to a 
circle, and a secant line through Q, intersecting the circle in 
points R and S. Then QR * QS = QT 2 . 

Theorem 13-14 . (P. 451) If two chords intersect within a 

circle, the product of the lengths of the segments of one equals 
the product of the lengths of the segments of the other. 

Theorem 14-1 . (P. 467) The bisector of an angle, minus its 

end-point, is the set of points in the interior of the angle 
equidistant from the sides of the angle. 

Theorem 14-2. (P. 469) The perpendicular bisectors of the 

sides of a triangle are concurrent in a point equidistant from 
the three vertices of the triangle. 

Corollary 14-2-1 . (P. 470) There is one and only one circle 

through three non-colllnear points. 

Corollary 14-2-2 . (P. 470) Two distinct circles can 

Intersect in at most two points. 

Theorem 14-3 . (P. 470) The three altitudes of a triangle 

are concurrent. 

Theorem 14-4 . (P. 471) The angle bisectors of a triangle 

are concurrent in a point equidistant from the three sides. 

Theorem 14-5 . (P. 476) (The Two Circle Theorem.) If two 

circles have radii a and b, and if c is the distance 

between their centers, then the circles intersect in two points, 

one on each side of the line of centers, provided each one of a, 

b, c is less than the sum of the other two. 

Construction l4-6 . (P. 477) To copy a given triangle. 

Construction l4-7 . (P. 479) To c °Py a given angle. 



Construction 14-8 . (i. 481) To construct, the perpendicular 

bisector of a given segment. 

Corollary 14-8-1 . (P. 481) To bisect a given segment. 

Construction 14-9 . (P, 482) To construct a perpendicular 

to a given line through a given point. 

Construction 14-10 . (p. 464) To construct a parallel to a 

given line, through a given externa] point. 

Construction 14-11 . (P. 484) To divide a segment into a 

given number of congruent segments. 

Construction 14-12 . (P. 491) To circumscribe a circle about 

a given triangle. 

Construction 14-13 . (P, 491) To bisect a given angle. 

Construction 14--14 . (p. 492) To inscribe a circle in a 
given triangle. 

Theorem 15-1 . (P. 517) The ratio , of the circum¬ 

ference to the diameter, is th'e same for all circles. 

Theorem 15-2 . (P. 522) The area of a circle of radius r 

Is irr . 

Theorem 15-3 . (P. 526) If two arcs have equal radii, their 

lengths are proportional to their measures. 

Theorem 15-4 . (P. 526) An arc of measure q and radius r 

has length ^-^qr . 

Theorem 15-5 . (P. 527) The area of a sector is half the 

product of its radius by. the length of its arc. 

Theorem 15-6 . (p, 527) The area of a sector of radius r 

and arc measure q is -gl^qr 2 . 

Theorem 16-1 . (p, 535) All cross-sections of a triangular 

prism are congruent to the base. 

Corollary 16-1-1 , (p. 536) The upper and lower bases of 

a triangular prism are congruent. 



Theorem 16-2 . (P. 536) (Prism Cross-Section Theorem.) All 

cross-sections of a prism have the same area. 

Corollary 16-2-1 . (P. 537) The two bases of a prism have 

equal areas. 

Theorem l6-3 . (P. 537) The lateral faces of a prism are 

parallelogram regions, and the lateral faces of a right prism 
are rectangular regions. 

Theorem l6-4 . (p. 540) A cross-section of a triangular 

pyramid, by a plane between the vertex and the base, is a 
triangular region similar to the base. If the distance from the 
vertex to the cross-section plane is k and the altitude is h, 
then the ratio of the area of the cross-section to the area of 

v. 2 

the base is (-r-) . 

Theorem 16-5 . (p. 542 ) In any pyramid, the ratio of the 

. Ir * 2 

area of a cross-section and the area of the base is (t-) , where 
h is the altitude of the pyramid and k is the distance from 
the vertex to the plane of the cross-section. 

Theorem 16-6 . (P, 543 ) (The Pyramid Cross-Section Theorem.) 

Given two pyramids with the same altitude. If the bases have the 
same area, then cross-sections equidistant from the bases also 
have the same area. 

Theorem 16-7 . (P. 548 ) The volume of any prism is the 

product of the altitude and the area of the base. 

Theorem 16-8 . (P. 549) If two pyramids have the same alti¬ 

tude and the same base area, then they have the same volume. 

Theorem 16-9 . (P. 550 ) The volume of a triangular pyramid 

Is one-third the product of its altitude and its base area. 

Theorem 16-10 . (P. 551 ) The volume of a pyramid is one-third 
the product of its altitude and its base area. 

Theorem 16-11 . (P. 555) A cross-section of a circular 

cylinder is a circular region congruent to the base. 



Theorem 16-12 , (P. 555) The area of a cross-section of a 

circular cylinder is equal to the area of the base. 


Theorem 16-13 . (P. 555) A cross-section of a cone of 
altitude h, made by a plane at a distance k from the vertex, 
is a clrculag region whose area has a ratio to the area of the 
base of (j^) . 

Theorem l6-l4 , (P. 557 ) The volume of a circular cylinder 

is the product of the altitude and the area of the base. 

Theorem 16 - 15 . (P. 557 ) The volume of a circular cone is 

one-third the product of the altitude and the area of the base. 


Theorem 16 - 16 . (P. 559 ) 

— -- 

is ‘ 3 'irr < 

Theorem 16 - 17 . (P. 562 ) 

0 

radius r is 3 = 4irr . 

Theorem 17-1 . (P. 579) 

have the same slope. 

Theorem 17-2 . (P. 584) 

if and only if they have the 

Theorem 17-3 . (P. 586 ) 

dlcular if and only if their 
of each other. 

Theorem 17-4 . (P. 589 ) 

distance between the points 

v( x 2 - x ,) 2 + (y 2 - y x ) 2 . 

Theorem 17-5 . (P. 593) 

Let P 1 = (x-^y^) and let 

of P-^Pg is the point P => 


The volume of a sphere of radius r 

The surface area of a sphere of 

On a non-vertical line, all segments 

Two non-vertical lines are parallel 
same slope. 

Two non-vertical lines are perpen- 
slopes are the negative reciprocals 

(The Distance Formula.) The 
(x 1 ,y 1 ) and (x 2 ,y 2 ) Is equal to 


(The Mid-Point Formula.) 

P 2 = (xgjyg), Then the mid-point 

, x i + x 2 yq + y 2x 

1 ^— , —g— ) 


V 



Theorem 17-6 . (P. 605 ) Let L be a non-vertical line 
with slope m, and let P be a point of L, with coordinates 

( x l ,y l)’ For Svery P ° int ^ = f x,y ) of Lj the e ^ uation 

y - y = m(x - x^) is satisfied. 

Theorem 17-7 - (P. 606 ) The graph of the equation 
y - y, = m(x - x^) is the line that passes through the point 

( x l ,y l) an ^ ^ as s ^ ope m ‘ 

Theorem 17-8 . (P. 6ll) The graph of the equation y = mx + b 

is the line with slope m and y-lntercept b. 

Theorem 17-9 - (?• 613) Every line in the plane is the graph 
of a linear equation in x and y. 

Theorem 17-10 . (P. 6l3) The graph of a linear equation 

in x and y is always a line. 

Theorem 17 -11 . (P. 623) The graph of the equation 

(x - a) 2 + (y - b) 2 = r 2 is the circle with center at (a,b) 

- and radius r. 

Theorem 17-12 . (P. 624) Every circle is the graph of an , 

2 2 

equation of the form x + y + Ax + By + C = 0. 

Theorem 17-13 . (P. 625 ) Given the equation 

x 2 + y 2 + Ax + By + C = 0, The graph of this equation is 

♦ 

(l) a circle, ( 2 ) a point or (3) the empty set. 




Index of Definitions 


For precisely defined geometric terms the reference is to 
the formal definition. For other terms the reference is to an 
informal definition or to the most prominent discussion. 

absolute value, 27 

acute angles, 86 

alternate Interior angles, 245 

altitude 

of prism, 535 
of pyramid, 540 
of triangle, 214, 215 
angle(s), 71 

acute, 86 

alternate Interior, 245 
bisector of, 129 
central, 429 
complementary, 86 
congruent, 86, 109 
consecutive, 264 
corresponding, 251 
dihedral, 299 

exterior, 193 
exterior of, 73 
Inscribed, 432 
Intercepts an arc, 433 
Interior of, 73 
measure of, 79, 80 
obtuse, 86 
of polygon, 506 
opposite, 264 
reflex, 78 
remote interior, 193 
right, 85 
right dihedral, 301 
sides of, 71 
straight, 78 
supplementary, 82 
vertex of, 71 
vertical, 88 
apothem, 512 
arc(s), 429 

center of, 437 
congruent, 441 
degree measure of, 430 
end-points of, 429 
length of, 525 
major, 429 
minor, 429 
of sector, 527 
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area, 320 

circle, 521 , 522 

parallelogram, 330 
polygonal region, 320 
rectangle, 322 
r Lght triangle, 328 
sphere, 562 
trapezoid, 331 
triangle , 31 

unit of, 321 
arithmetic mean., 364 

auxiliary sets, 176 

base of pyramid, 540 

etween, 41, lo2 

isector of an angle, 129 
'sector 1 oi' a segment, 169 
_L.sec.ts , 47 129 

avalieri 1 s Principle, 548 

enter* oi 1 

arc, 437 

cinele, 409 

sphere, 409 

central angle, 429 
centroid, 280 , 621 

chor'd , 410 

circle(s), 409 

area of, 521 , 522 

circumference of*, 516 

congruent, 417 
equation of 4 , 623, 624 

exterior of, 412 

great, 410 
interior 1 of, 412 
segment of. 528 
tangent, 417 
circular 1 

cone, 554 

cylinder*, 553 
reasoning, 119 
region, 520 

area of, 521 
circumference, 516 
circumscrihed 

cirele, 490 

triangle, 490 
collinear, 54 
complement, 86 

complementary angles, 86 

cone entric 

circles, 409 

spheres, 409 

conclusion, 60 


625 



278, 


469 


concurrent sets, 
cone, 

cIrcular, 554 

right c trcular, 555 

volume of, 557 
congi’uenc e , 97 

congruent, 

angles, 86, 109 

arcs, 4 41 

circles, 417 
segments, 109 
triangles, 98, 111 

consecutive angles, 264 

consecutive sides, 264 

constructions, 477 

converse, 202 
convex polygon, 507 
convex: sets , 62 

coord.iii.ate system, 37, 571 

coordinates of a point, 37, 569 

co—planar, 54 

corollary, 128 
correspondence, 97 

corresponding angles, 251 

cross-section 

of a prism, 535 
of a pyramid, 540 
cube, 229 

cylinder 

circular, 553 
volume of, 557 

diagonal, 264, 509 

diameter, 410 
dihedral angle, 299 

edge of, 299 

face of, 299 

measure of, 301 
plane angle of, 300 
distance, 34 
distance between 

a point and a line, 206 

a point and a plane, 235 

two parallel lines, 266 

distance formula, 589 

edge of half-plane, 64 

end—point(s) 

of arc, 429 

o f ray, 46 

of segment, 
empty set, 18 


45 



equation 

of* circle, 623 
or line, 605, 6ll 
equ 1 an gu 1 ar triangle , 128 

equilateral triangle, 128 

Euler, 327 

existence proofs , 1 65 

exterior angle, 193 
exterior -* 

or an angle, 73 
or a circle, 412 
or a triangle, 74 

race or half-space, 66 

frus turn , 5 5-9 

Garfield's Proof, 344 
geometric mean, 36l 
graph, 600 

great circle, 410 
half-plane, 64 

edge oi', _ 64 
half-space, 66 

race or, 66 
horizontal lines, 576 
hypotenuse, 173 
hypothesis, 60 

identity congruence, IOO, 109 
If* and only ir, 203 
if-then, 60 

inconsistent equations, 618 
indirect proof, l 6 o 
Inequalities, 24 
infinite ruler, 37 
inscribed 

angle, 432 

measure or, 434 
circle, 490 
polygon, 511 
quadrilateral, 438 
triangle, 490 
integers, 22 

intercept, 275 > 433 

Interior 


or angle, 73 

or cirple, 412 
or triangle, 74 
intersect, lo 

intersection or sets, 16 , 18 , 

Irrational numbers, 23 

isosceles triangle, 127 , 128 

kite, 272 


473 


9 



lateral 

edge, 537 
face, 537 

surface, 537 
lemma, 19^ 
length 

of* arc , 525 

of* s e gment , 45 

linear equation, 6X3 

linear pair, 82 

line ( s ) , XO 

ob 1 ique , 2X6 

pa rallel, 241 

perpen.dicu.lar, 86 
skew, 241 
transversal, 244 

major arc, 429 

mean 

arithmetic, 364 
geometric, 36l 
meas ure 

of* angle, 79 , 80 

of* dihedral angle, 301 

of* distance, 30, 34, 36 

median 

of* trapezoid, 272 
of* triangle, 130 

mid-point, 47 

fo rmula of*, 593 
minor arc, 429 

Non—Euclidean geometries, 253 
negative real numbers, 191 

numbers 

irrational, 23 
negative, 191 
positive, 191 
rational, 22 
real, 23 
whole, 22 
oblique lines, 216 
obtuse angle, 86 
on opposite sides, 64 
on the same side, 64 

one—to—one correspondence, 97 

oppos1te 

angles, 264 

rays, 46 

sides, 264 

order, 24 
order postulates, 


191 # 192 
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o rde red pair, 
origin, 56 S 
parallel 

lines, 241 

slopes o1, 584 

lines and planes , 291 

planes, 291 
parallelepiped, 538 
parallelogram, 265 

a are a of, 330 
perimeter 

of triangle , 287 

of polygon, 512 
perpendicular 

lines, 86 

slopes of, 586 

line and plane, 219 

planes, 301 

perpendicular bisector, 169 

pi, 7T, 518 

plane(s), IO 

parallel, 291 

perpendicular, 301 
plane angle, 300 

point, IO 

point—slope form, 605 
point of tangency 

of circles, 413 

of spheres, 423 

polygon, 506 

angle of, 506 

apothem of, 512 

convene, 507 
diagonal of, 509 

inscribed, 511 

perimeter of, 512 

regular, 511 
sides of, 506 

vertices of, 30(5 

polygonal region, 317 

polyhedral regions, 546 

positive real numbers, 191 

postulate( 3 ), 9 

of order, 191, 192 

power of a point, 450 

prism, 534 

altitude of, 535 

cross-section of, 535 

lateral edge, 537 

lateral face, 537 

lateral surface, 
lower base, 535 
rectangular, 535 


537 



537 


prism (Continued) 
r1 gd t , 53 5 

total s urface, 
triangular, 535 
upper base, 535 

proJection 

of a line,, 306 
of* a point, 306 

proof 

converse, 202 
double-colajunn form of, 1 lB 
existence, 165 
indirec t , l6o 

uniqueness, 165 

writing of*, 117 

proportional sequence3, 360 

pyramid, 540 

altitude of, 540 

base of, 5^-0 
regular, 5^^ 
vertex of, 5^-0 

volume of, 551 

Pythagorean Theorem, 339 
quadrant, 571 

quadrilateral, 263 

consecutive angles of, 264 
consecutive sides of, 264 
cyclic, 473 

diagonal of, 264 

inscribed, 438 
opposite angles of, 264 
radius, 409, 410 

of sector 1 , 527 
national numbers , 22 

ray, 46 

end-point of, 46 
opposite, 46 

real numbers 23 
rectangle, 268 

area of, 322 

rectangular parallelepiped, 538 
reflex angle, 78 

region 

circular, 520 

polygonal, 317 
polyhedral, 546 
triangular, 317 
regular 

polygon, 511 
pyramid, 544 
remote interior angle, 


193 



rhombus, 268 

right angle, 85 
night dihedral angle, 301 
night prism, 535 
night triangle, 172 
scalene triangle, 128 

sector, 527 

arc of, 527 
radius of, 527 
segment(s) , 45 

"bisector, 169 
congruent, 109 

segment of a circle, 528 
semi-circle, 429 
separation, 182 
set(s), 15 

auxiliary, 176 
concurrent, 278 
convex, 62 
element of, 15 
empty, 18 
Intersection of, 
member of, 15 
union of, 17 
side(s ) 

consecutive, 264 
of angle, 71 

of dihedral angle, 299 
of polygon, 506 
of triangle, 72 
opposite, 264 
similarity, 365 
skew lines, 241 

slope, 577 

of parallel lines 
of perpendicular 
slope-intercept form, 
space, 53 
sphere, 409 

exterior of, 423 
interior of, 423 

surface area of, 582 


16 , 473 


, 584 

lines , 
6ll 


volume of 


559 


square, 268 
square root, 25 
straight angle, 78 
subset, 15 
supplement, 82 
s upp 1 ementary an gles, 


586 


82 



tangent 

circles, 417 
common external, 4 54 

common. Internal, 4 54 

externally, 417 
Internally, 417 
line and circle, 413 

plane and sphere, 423 
segment, 448 
theorem, 9 

total surface of* a prism, 537 

trans vers a1, 244 

trapezoid, 265 

area of, 331 
triangle(s), 72 

altitude of, 214 

angle bisector of, 130 
area of, 328 
centroid of, 280 

congruent, 98, 111 

equiangular, 128 
equilateral, 128 
exterior of, 74 

interior of, 7 4 

isosceles, 127 , 128, 346 

median of, 130 

overlapping, 123 
perimeter of, 287 

right, 172 
scalene, 128 
sides of, 72 

similar, 365 

30°— 6o° , 346 

vertex of, 72 

triangular region, 317 

undefined terms, 9 , IO 

union of sets, 17 

uniqueness proofs, 165 

vertex 

of angle, 71 
of polygon, 506 

of pyramid, 540 

of triangle, 72 

vertical angles, 88 

vertical line, 576 

vo luxne 

of cone, 557 


of cylinder 
of prism, 
of pyramid, 
of sphere, 


whole 
x—axis 


numbers 


568 


9 


, 557 

548 
551 
559 


22 
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